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Mathematical Formulation of Multi-Phase
Flow Problems

"
Multiphase flow problems with interface tension(1)

FluidsO,1, ..,m
NS eqgns

K . curvature
o . coefficient

Interface condition: [u]_ =0, | —pn+2uD(u n] = o, kN

Note. Q;(t)cQ (i=1...,m) D(U)E%(W +(vuT) )
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" JdEE
Multiphase flow problems with interface tension(2)
(u, p) satisfies NS eqns. in each domain Q, (t), Vk =0,...,m

ou

Pk(a—"‘(u V)Uj (ZﬂkD(u)_ pl ): Pt
t
V-u=0
Interface conditions on I, (t) = Q, (t ) Q (t )
[u]=0, [-Pn+2uD(u)n] =0,
Boundary conditions on I'x(0,T), T =oQ
u-n=0, D(u)nxn=0 (or u=0)

Evolution of T; (t) = { 7, (s,t);s €[0,1)}

a)(i _ (Zu t), i=1---.m
Initial conditions at O
u

ui Q, (0)=Q°, vk=0,...m -

"
A weak formulation for MPF problems (1)
X E{Ze(Hl(O,l)z) ; 1(1):;((0)}
V={ve H'(QF;v-n=0(xel)| Q=L3(Q)
Find (y,u, p):(0,T) > X xV xQ  such that
ax

ot -u(zY)

ou 1 op
( po U v]+a1(p u,u,v)+a,(p,u, v)+b((;/)fp3/)_d(l’v)
b(u,q)=0

(V(v.q)eV xQ)




"
A weak formulation for MPF problems (2)

where
a, (p,w,u,v

g
If

[, 3 ([ 9)u]v=[(w-9)v] w)ox

u(p)D(u): D(v)dx

il du dv i du dv, oy,
d(u,v)= ———dl= - d
(uv) ;Ira'dgdg ;-[O'ds dslés|

p=p(p)el’
pel” (Qx(O,T)) a function determined from { y}

lL.e. p =p(;()

"
Multiphase fluid flow problems

Fluid |




" S
An interface tracking method
% :[0,1)x(0,T) — R?
()= (t)={x(s,t);se[01) |, te(0,T)

oy
L —u( gt
~=ulnt)

Z("t)EZi("t)

Note. Tryggvason et al. [2001], FDM, no stability arguments

Note. <> Interface capturing method
signed distance function, density function o

Interface Tracking Energy-Stable Finite
Element Scheme
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" A
Finite Element Scheme P0O/P2/P1

m Finite element approximation

pn €W, i P, —element,
u, €V, : P, —element,
p, €Q, : P, —element
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" o

Approximate spaces for the interface
XX = ze(H ) 2= 2(0)

Zr?exh
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" A
P2/P1 finite element spaces
g, :mesh
Q,=intU{K;Ked,} triangles (d =2)

P, / P, finite element space
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Interface tracking energy-stable FE scheme
X, < X, ‘PhCLZ(Q), V., xQ, <V xQ,
At : timeincrement, N, =|T /At |

Find {(;(,’],u{:, pQ)}NjO < X, xV. xQ, such that
D, 27 =23 (7)- S 07 - a7 v,

n n 1 . n n+ n n+ n+ n+
(phDAtuh+§uh 1DAt/0h’th+a1(IOh SITAATA 1’Vh)+a0(/0h LU, 1’Vh)
m
+b(Vh’ prr:+1>+z Atlo, D, uy ™, DIVAYN e
k=1 kh

= (A", £y, )= [o:D4 ™ Dyl Vv, eV,
i=1 h
b(urr:ﬂ’qh):o vq, €Q,

IC: 4 =11, x°, u’ =TI, u°
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" JE
Other issues on the computation
At each time level n, we
e control N}, the number of particles in g,
fori=k,---,m
e adjust the positions of particles in y,,
to keep the area of Q, identical

15

"
Algorithm of the energy-stable FE scheme

n+l ., . n+l n+1)

(Zr?’urr:’ pr?)*(?(h Uy Py

@ a i Sur () (- (1)

n+1 n+1

2 "=t =t ()
(

{1m(pa)+m( o)+ AL ) + A+ S () BT}(uaﬂj

B O prr]1+1

_ {At M (o) un +M (o) £ =S ()

0 J solved by GMRES
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" A
Mass and energy stability

Suppose g, :"smooth"”, uniformly bounded length

—

meas Q) =measQ, (i=0,..,m)

(P( H\/7D (@)
gc(th

u
/Ohhf

oD U(h

52 (T ))j

fZ(LZ

Note. The result is valid also in the case o =0.

Note. HDM X

HDAMhH () maybe large.
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Numerical Results of Multi-Phase Flow
Problems
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" A
Rising bubble problem(1)

(1,2)
0, =100 44, =0.5,5
Po Ho 0,=01 =1
0
(5
_1
o 1 o, =2.0
‘ T =10, 15
r=0.2

00) 4 Ip BC BB3a e-1 56-2 10

" S
Rising bubble problem(1) x4, =0.5

k..

o UU@@

t=0.0 t=2.0 t=4.0 t=6.0 t=8.0

|z ) =387

|2(H§
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" S
Rising bubble problem(1) x4, =5.0

t=0.0 t=2.0 t=4.0 t=6.0 t=8.0

=27.33 (T =15)

21

th

12(H§)

" S
Rising bubble problem in a swayed channel
(L2)

slip BC

(0.0)




" A
Rising bubbles problem
(L2)

o=1
Po =100, p =2 T=30
slip BC N=32, A==
=014 =1
1=1..9
t=0.00000 ( ) >
(0,0) NSCO1s .

"
Movement in an “Hourglass”

(05,2)
101 pO :1, ILlO :1
o, =100, 14 =2

nonslip BC

Lo

(-0.5,0) HGO02d, 30sec .4




=
Concluding Remarks
m \We have presented an “energy-stable” finite element
scheme for multiphase flow problems with merger.

m \We have exhibited several numerical simulations to
show the robustness and applicability of the scheme.

m \We have shown numerical convergence for a test
problem.

< Future work:
convergence proof; merge/split algorithm;
high-Reynolds number problems;
2.5D problems; 3D problems; other applications
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