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Keller-Segel system [1970]

U, =Au—div

(UVV), XxeQ, t>0

—AvV =U L judx, XeQ  t>0
| Q[

(KS) <
ou(xt)=0 ov(xt)=0, xea t>0
U(x,0) =U,(x), XeQ
u (X, t) density of amoebae Q — R? :bounded
V(X, t) concentration of 50 - smooth

the chemical substances:.
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|. Known result
local classical solution
0< U, € L'(Q), Q) < R? : bounded
3T, > 0, A1(u, v) : classical sol of (KS) on [0, T,)
Remark 1

e scale invariant norm: HUO

Ll

e small data global existence: ‘uo PR
A1(u, v) : classical sol of (KS) on [0, )

L0

.~ = 00 i for some T. <oo

Ll T
—

e |large data finite time blow-up: Huo
limsup |u(t)

t—>T




Scaling invariant transform
{u,v}: sol of (KS)

—
{u,,v,}: sol of (KS)  for vA>0

h
§ u, (x,t) = A2u(Ax, A%),
vV, (X,1) :==Vv(Ax,1°t)
YN > 2
Huo’/1 L%(RN) - HUO L%(RN) for YA>0
—

N =2 HUM

A
—

=Y L1 (R?) fqr_ ‘v’_/1>0



Mass conservation law

{u,v}: sol of (KS) on Qx][0,T)
—=p HU(’[)

L) HUO Q) 0<Vt<T

.....

Ll T
—




Mass cons. law

Ju(®)

(location of blow-up points)
sharp ¢ — regularity thm
Scaling invarant norm

Nagai-Senba-Suzuki, 2001
Luckhaus-S.-Velazquez i‘;’fo”u(t) HGON i‘;ﬁ”“ﬂ (t)

L' (R?)

new result

@1 o, WO < 87

—=p indep. of X,

SU) u(x,t) < Cp.of x,
(X,1)eB(Xg.00 ) tO_C(p()@ N 5

R



X; € R"™: blow-up point of u at the time t,
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(iii) 6-tunctionasingularity




1 Question
ueC, ([0 T.];L(€)) (1) Location of blow-up points

i (11) Number of blow-up points

6-functional singularity

Ju e L(Q) s.t.

jQu(x,t)gp(x) dx
N IQ u (X)e(x) dx

as t—oT.,

for Vel (QQ)




t =T. : blow-up time Nagai-Senba-Suzuki ... ‘ U, e 87
Herrero-\Velazquez ...
~a,(1.)-6, ) ~ o, (1.) 6, 1.

~ (T*) ) 5x1(T*) HU
k : the number of the blow-up points k < II'°

L'(Q)
a(T)>8z, i=12,-k 8z
Question

(i) Location of blow-up points<zmm standard e-reg thm
(11) Number of blow-up points <Zmm sharp e-reg thm

(iii) o6-fum Ctiorf}a%i;nigtjrl arity,




The existence of minimal immersions of 2 -spheres
J.Sacks, and K.Uhlenbeck
Ann. of Math, Vol. 271, No. 2, 1981, pp. 639-652.

Partial regularity of suitable weak solutions of the
Navier-Stokes equations

L.A.Caffarelli, R.Kohn, and L.Nirenberg

Comm. Pure Appl. Math., Vol. 35, 1982, pp 771-831




I1. Purpose
Construction of Thm1 Thm 3

"measure valued sol" of (KS) on [0, )
W01

for large initial data u, s.t. [u,
with a simple expression of solution

Remark 1 such as that at T,

(1) strong solution Is unique
(2) measure valued solution is unique ’?

Thm 2, Thm 4 (non-uniquenss of measure valued sol)

il S g | _ 10
T : -~ = e

=FLis



Thm 1, Thm 3 (constfugtion of measure valued sc

Thm 2, Thin 4 (non-uniquenss o measure valued ¢

X, (t) i (D)

ENNY SN

Vi > T.

U™ — 1, du= dpdt

)
ol)

~a(t)- 6,

i) wm= D o), +u@t)dx ae tel0x)

XJ (t)est

(i) ueLl®(0,0; LX(Q))

(iii) S, =SMH{(x1); t=t} coniiits of at mostfmltely many points

e

— 11



[11. Our results
Regularization: |

(KS)

T, (u)

b

&

I\

: u u>>1
~div( f,(u)Vv)= {uz eet

( ut:Au—div(v), XeQ, t>0
ﬂv:@—ﬁjﬁ CXeQ, 50

o,u(xt)=0, 0,v(x,t)=0 XedQ, t>0

[ min{L(1/¢ -s) ds
u

u(x,0)=u,(x). @ Xe®

1/



u’ :sol. of (KS), on [0,),

Radon measure ., ;1 € M (Qx[0,00)) and He }.

st. u* -y f (U*¥)— x inthe weak-* topology
k and u < u

Theorem 1 [Luckhaus-S-Velazquez.] ‘fg(ug) < U
i

Moreover, dy = dgdt, du =dg dt
with 1 (Q) = IQuo(x) dx, 4 <y forall 0<t<o

Moreover,
the singular set S of 1, 1 < Qx[T.,) forsome 0<T, <
with u=u+Uu, u =u +Uu,

where i, 1 €M (Qx[0,0))
and U e C”((€2x[0,00))\ S) satisfying (KS) in ﬁx[O,T*)lg

e



Moreover, fora.e. t, €[0,0) du= dydt, dy =dg dt

=SN{(x,t); t=t,}

consists of at most finitely many points

and
@ = o +uCtdk aete[0,x)
X;j (t)eS;
@ =Y Bt +uldtdx ae te[0,o)
X (t)eS;
Here a;(t)=p;(t)=0 forall 0<t < oo
In particular, ¢ (t)=p; (t)=0 forall 0<t<T.

In addition, u e L*(0,0; L'(Q))  with

_[Qu(x,t) dx Sjguo(x) dx forallO<t<oo

A
—

1



Theorem 2 [Luckhaus-S-Velazquez.]

Suppose that 3 A — [T., o) of positive measure

st. B;(t)>87r forae. teA withsomejin(2)

=) a(t)>pg;(t) forae.teA in(1)and (2)

TR AN (T IR (3 A (3 B¢
forall 0 <t <

© =y 05, +uCt)d aete[0w)

X (t)eS;
Q) M= Bit)S @A ae,T e[0%)




Regularization: I

(KS)

—Av:u—ij udx,
| Q27

o,u(xt)=0, 0,v(x,t)=0

u(x,0)=u,(x),

(U, = A( —~div(uvv),

xe(), t>0

XxXeQ, t>0

XeodQ, t>0

X eQ),



Theorem 3 [Luckhaus-S-Valazquez.] ‘ue <U+ g(ueym‘
Ju’ :sol. of (KS)? on [0,),
JRadon measure , 1 € M " (Q2x[0,0)) and He, },
st u® =, u*+g U*)"® > 1 inthe weak-* topology
Moreover, and o<
di= dadt, du” =dg dt

with 7z (Q) = IQuo(x) dx, 4 <u forall 0<t<o

Moreover, _
the singular set S of /7, ;1° < Qx[T.,00) forsome 0<T., < oo

with a=pu+0, 1 =u +0,
where i, 11 eM™(Qx][0,0))
and UeC”(Qx[0,0)\S) satisfying (KS) in ﬁX[O’T*)L

e



Moreover, fora.e. t, €[0,0) dii= dadt, du =dgdt

S, =3 N{(x,t); t=t}

consists of at most finitely many points

?;d o = %:S a, (t)5x,-(t) + () dx  ae.te[0,)

4 = Jzt ()5, + a(@rdx 3e&1e 0,0)
X; (t)eS,

Alefe 0<a;(t)< /(1) forall 0<t <o

Inparticular, & (t)=/7, ()=0 forall 0<t <T.

In addition, (e L*(0,0; L'(Q))  with

_[Qt’](x,t) dx Sjguo(x) dx forallO<t<oo

A
—



Theorem 4 [Luckhaus-S-Velazquez.]
Suppose that 3 A —[T.,o) of positive measure

st. @;(t)>87r forae. teA withsomejin (4)

=) (t)>a;(t) forae.teA in(3)and (4)

=Y a5, +000d, 4= > p(1),
X;j (1)eS, X; (t)eS,
cf

+ G(0t) dx

(v

Theorem 2 [Luckhaus-S-Velazquez.]
Suppose that 3 A c—[T.,o0) of positive measure

st. B;(t)>8r forae teA withsomejin(2)

=) a;(t)>p; (1) forae teA in(l)and(2)




Remark 2

e vO<t<T. Regularization:| = Regularization: Il
e \V/t >T. nhon-uniquenss of measure valued sol

Regularization: 1 (g4, ), = A, + Q4 ]
Regularization: Il (4z,), = Agt +Q[ iz ]

I Q[ui]wdxdt
yos | IRVACAC)
AX=Y)HVy () -V y.Y)]

[ x=y[°
j jQ . (VDVZW(X t)v)d 2 (X, v)dt
- eCr(Q2x(0,0)) 20

-..-



Theorem 5 [Luckhaus-S-Velazquez.]

continuity for the singular set

m
du <2
Ky 5

for some m, and R > 0 fixed.

(Xy,t,) € S, we have j
Br (X0 )\{Xo}

=)

3¢ >0, 3L > 0 depending only on |u,
such that

S, N B (X)) < BL\/tO—_t(Xo)
fort [t, —cR’,t,]

and Q

L' (Q)

........
.k

b,



Remark 3 Key idea: &-regularity thm
t

(Xo:t,) €S

AN

S, N Br(X) < BLM(XO) for t e [t, —cR%,t,]

X =Lyt -t

i et s
i o B s T e St e R R
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I\/. Sketch of Proof { O t i B[m,%godd"’t < 872}
i (1)

(t) Theore 1
Theorem 3
W 3
0/ ® °
~ U (t) X; (1)
Vt>T.,
X

XO
u* — u, dyp= dydt

i) wm= D o), +u@t)dx ae tel0x)

Xj(t)eS;

(i) ueLl®(0,0; LX(Q))

(iii) S, =3 N{(x,t); t=t,} conS|sts of at most flnltely many points

e LD

Ty



X; € R"™: blow-up point of u at the time t,

du, >8z

for Vp >0

J-B(Xi 0)
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(i) Number o}
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(111) delta measure




d <
{ 0<ti5[%?%ﬁ%f)o Wt 872.}
X, (1) Theore 1 J (t)
Theorem 3
yé/S ® \ 3
orem {
\\0 o 0/ P ®
T* ~ U (t) X; (t)
Vi >T.
Xg X

u* — u, dyp= dydt
(i) = > alt)s co tu@tydx  ae tel0,)

Xj(t)eS;

(i) ueLl®(0,0; LX(Q))

(iii) S, =3 N{(x,t); t=t,} conS|sts of at most flnltely many points

s £O0
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Remark 4

Poupaud (Meth. Appl. An. 2002).
Dolbeault-Schmeiser (2006).

complicated assumption on measure

Luckhaus-S-Velazquez

= > a, ()5, +u@t)dx, O<t<w

XJ (t)eSt

by e-regularity thm

........
.k



Poupaud (Meth. Appl. An. 2002).
Dolbeault-Schmeiser (2006).

M (R") is the space of Radon measures,
M, (R") is the space of bounded Radon measures
A 1s the Lebesgue measure
Definition
| < R:interval
DM ™ (I;R™) = {(u,v); Vtel, ut)eM;/(R"Y),
veM(lx RYV)VN

u(t) 1s a tightly continuous with respect to t,
v IS @ non negative, symmetric, matrix valued measure,

(il <> (ﬂ(t)({a}))(5(X a)/l(t)}

aeSat (,U(t)) A e e 27

A
—



Remark 4

Poupaud (Meth. Appl. An. 2002).
Dolbeault-Schmeiser (2006).

complicated assumption on measure

Luckhaus-S-Velazquez

= > a, ()5, +u(t)dx, O<t<oo

XJ (t)ESt

by e-regularity thm

........
.k



Previous results: (85-95).
Steady states (Schaap).
Finite time blow-up. (Jager-Luckhaus).
Dirac mass formation. Asymptotics (Herrero-\Velazquez).

Critical masses. (Biler, Nagal,...).
Entropies. (Gajewsky-Zacharias).

Multispecies models (Wolansky).

New results: ............

. ..._._29

........
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Controlling the motion of the mass:

A crucial symmetrization argument.

Senba-Suzuki (Adv. Diff. Equ. 2001).

Poupaud (Meth. Appl. An. 2002).
Dolbeault-Schmeiser (2006).

........
.k



Remark 2

e vO<t<T. Regularization:| = Regularization: Il
e \V/t >T. nhon-uniquenss of measure valued sol

Regularization: 1 (g4, ), = A, + Q4 ]
Regularization: Il (4z,), = Agt +Q[ iz ]

I Q[ui]wdxdt
yos | IRVACAC)
AX=Y)HVy () -V y.Y)]

[ x=y[°
j jQ . (VDVZW(X t)v)d 2 (X, v)dt
-y eCr(Qx(0,0)) 31

-..-



[ u wdxdt="[ " [Au .deolt+ I @Vv .@th

)= Iﬂu(x,t) jQVN(x, V)(u(y,t) —u, )dyV (X, t)dx

2

A5 IQ -“QU(X,t)U(y,t) [(X B y)[(V l//(X,t) B VW(y,t))] dXdy

[ 5wy <],

X=y

1-n(

R

X—VY]
5 )} y

() -Vy ()

11, b Oom(y) e

v

+—1—” (vIVip (X, D) d i (x,v)dt v e Cy(Qx(0,))

| x=y[

32



Theorem 2 [Luckhaus-S-Velazquez.]

Suppose that 3 A — [T., o) of positive measure

st. B;(t)>87r forae. teA withsomejin(2)

=) a(t)>pg;(t) forae.teA in(1)and (2)

TR AN (T IR (3 A (3 B¢
forall 0 <t <

L 4=, o®s5 (1) +u@t)dx ae te[0,0)
X;j (t)eS;
@ = X B0 i U(Elt) dx  ae,t[0,%)

X; (t)eS;

-..-




Sketch of proof of Th 2

| dia(xv)= > 7,08,

-

873, (1) < (B; (1)°
assump of Th2

[ (X,V) > (U )

Xj (t)ESt

Fact 1

S}/j

L
St b

A
—

Fact 2
<8ra,(t)

34



Thank you for your kind attention
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