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1
0 ( ),Lu ∈ Ω0 ≤

local classical solution 
2 : boundedRΩ⊂

0 00, 1( , ) : classical sol of (KS) on  [0, )T u v T∃ > ∃

10 L
u

Remark 1
 scale invariant norm:•

 small data global existence:• 10 1
L

u 
1( , ) : classical sol of (KS) on  [0, )u v∃ ∞

 large data finite time blow-up:• 10 1
L

u 

*

limsup ( )
L

t T
u t ∞

→
= ∞ *for some  T < ∞

I. Known result
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2 2( , ) : ( , ),u x t u x tλ λ λ λ=
2( , ) : ( , )v x t v x tλ λ λ=

{ , }:u v sol of (KS)

for  0λ∀ >{ , }:u vλ λ sol of (KS)
where

22 ( )( )0, 0
NN

NN L RL R
u uλ = for  0λ∀ >

Scaling invariant transform

2N∀ ≥

2N = 1 21 2 ( )( )0, 0 L RL R
u uλ = for  0λ∀ >



Mass conservation law

{ , }:u v sol of (KS) on  [0, )TΩ×

0 t T≤ ∀ <1 1( ) (0 )
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L L
u ut

Ω Ω
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8π<
0 0( ,2 )

( , )  
B x

u x t dx
ρ∫

0 0( , ) ( , ) (0, )
sup ( , )  <  

x t B x T
u x t C

ρ∈ ×

regularity thm ε −
(location of blow-up points)

1 2 1 2( ) ( )
0 0
sup ( ) sup ( )

L R L R
t t

u t u tλ
< <∞ < <∞

=

Scaling invarant norm 

0indep. of  x

Mass cons. law

1 1( ) (0 )
( )   

L L
u t u

Ω Ω
= 0 t≤ ∀ < ∞

Nagai-Senba-Suzuki, 2001

0
sup

t T< <

2
0 0( , ) ( , ) )0 0 0( ( , )

sup ( , )  <  
x t B x t c t

u x t C
ρ ρ∈ × −

0indep. of  x

0 0( ,2 ) 0( , )  
B x

u x dxt
ρ∫

Luckhaus-S.-Velazquez

sharp

new result
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( , ) 0( , )  > 8
ixB

u x dxt
ρ

π∫
0: blow-up point of  at the time NR u t∈

for 0ρ∀ >

ix

ix

ix

blow-up set consists of finitely 
many points

Question
(i)   Location of blow-up points
(ii)  Number of blow-up points

(iii) δ-functional singularity

0at the time t

standard ε-reg thm

sharp ε-reg thm
1

*([0, ]; ( ))wC T L Ω
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1* ( )Lu∃ ∈ Ω s.t.

( , ) ( )u x t x dxϕ
Ω∫

→ *( ) ( ) xu x x dϕ
Ω∫

as *t T→

for ( )Lϕ ∞∀ ∈ Ω

1
*([0, ]; ( ))wu C T L∈ Ω Question

(i)   Location of blow-up points
(ii)  Number of blow-up points
(iii) δ-functional singularity



1 *( )1 *( ) x TT δα≈ ⋅


** ( )( )

kk x TT δα≈ ⋅

: the number of the blow-up pointsk 1 ( )0

8
L

u

π
Ωk ≤

* : blow-up timet T=

2 *( )2 *( ) x TT δα≈ ⋅

Nagai・Senba・Suzuki …
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Question
(i)   Location of blow-up points
(ii)  Number of blow-up points

(iii) δ-functional singularity

standard ε-reg thm
sharp ε-reg thm

1
*([0, ]; ( ))wC T L Ω

Herrero・Velazquez …

* 8 , 1( ) ,2, ,i iT kα π≥ = 

10 8
L

u π>
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The existence of minimal immersions of 2 -spheres
J.Sacks, and K.Uhlenbeck
Ann. of Math, Vol. 271, No. 2, 1981, pp. 639-652.

Partial regularity of suitable weak solutions of the 
Navier-Stokes equations
L.A.Caffarelli, R.Kohn, and L.Nirenberg
Comm. Pure Appl. Math., Vol. 35, 1982, pp 771-831 
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II. Purpose
Construction of 

0for large initial data . s.tu

(2)   measure valued solution is unique

Remark 1
(1)   strong solution is unique

?

10 1
L

u 

"measure valued sol" of (KS) on  [0, )∞
Thm 1

Thm 2, Thm 4 (non-uniquenss of measure valued sol)

Thm 3

with a simple expression of solution

*such as that at T
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t

( )( )
jx tj t δα≈ ⋅

• • •

1( )x t ( )jx t

• • •

( )
( )

( )   ( , ) 
j

tj

x t
x

t
St

j dxt tuµ δα
∈

= +∑  a.e. [0, )t∈ ∞

,kuε µ→  td d dtµµ =

*t T∀ ≥

•••

*T

x

consists of at most finitely many points 
0 0{( , );  }  tS S x t t t≡ =

( )i

( )ii

( )iii

1(0, ; ( ))Lu L∞∈ ∞ Ω

Thm 1, Thm 3 (construction of measure valued sol)

Thm 2, Thm 4 (non-uniquenss of measure valued sol)
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( )div ( ) ,tu u f u vε= ∆ − ∇

1( ) ( ) ,
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v f u f u d xε εΩ
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




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1(KS)ε

( ) ( )0,0 ,u x u x=

( ) ( ), 0, , 0u x t v x tν ν∂ = ∂ =

,x∈Ω 0t >

0t >,x∈Ω

,x∈∂Ω

.x∈Ω

0t >

( )
0

( ) min {1, 1/ }
u

f u s dsε ε
+

= −∫

Regularization: I

u≤

( )f uε

u
1/ε

( ) 2

1
div ( )

1
u u

f u v
u uε

>>
− ∇ =  <<

III. Our results
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Theorem 1 [Luckhaus-S-Velázquez.]
1: sol. of (KS)  on [0, ),uε
ε∃ ∞

Radon measure , ( [0, ))Mµ µ− +∃ ∈ Ω× ∞ and 1{ }k kε ∞
=∃

s.t. ,kuε µ→ ( )k

k
f uε
ε µ−→

and µ µ− ≤

Moreover,

,  ,u uµ µµ µ−−= + = +
the singular set  of , S µ µ−

* *[ , )  for some 0T T⊂ Ω× ∞ < < ∞

with

*(KS) in [0, )TΩ×

( [0, )),  Mµ µ− +∈ Ω× ∞where 

 (( [0, ))\ S)Cu ∞∈ Ω× ∞and satisfying 

in the weak-* topology

Moreover,  ,     t td d dt d d dtµ µµ µ −−= =

with 0  t< < ∞0( )  ( ) ,t u x dxµ
Ω

Ω = ∫ t tµ µ− ≤ for all

( )f u uε ε
ε ≤
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consists of at most finitely many points 

Moreover, 0 for a.e.  [0, )t ∈ ∞

0 0{( , );  }  tS S x t t t≡ =

and 
( )

( )

( )   ( , ) 
j t

j t

t x
x t

j
S

t t dxuµ δα
∈

= +∑  a.e. [0, )t∈ ∞

( )
( )

( )   ( , ) 
j t

j t

t x
x t S

j t t du xδβµ−

∈

−= +∑  a.e. [0, )t∈ ∞

 for all 0  t< < ∞Here ( ) ( ) 0jj t tβα −≥ ≥

( )= ( )=0 jj t tα β −In particular,

for all 0 t< < ∞

In addition, 1(0, ; ( ))Lu L∞∈ ∞ Ω with

0( , )  ( ) x t dx u x dxu
Ω Ω

≤∫ ∫

* for all 0 t T< <

(1)

(2)

 ,     t td d dt d d dtµ µµ µ −−= =



Theorem 2 [Luckhaus-S-Velázquez.]

Suppose that

with some  in (2)j
* [ , )TA∃ ⊂ ∞ of positive measure 

s.t. ( ) 8j tβ π− >  for a.e. t A∈

for a.e.   in (1) and (2)At∈( ) ( )j jt tβα −>

( )
( )

( )   ( , ) 
j t

j t

t x
x t

j
S

t t dxuµ δα
∈

= +∑  a.e. [0, )t∈ ∞

( )
( )

( )  ( , ) 
j t

j t

t x
x t S

j t dxu tβµ δ−−

∈

= +∑  a.e. [0, )t∈ ∞

(1)

(2)

,kuε µ→ ( ) ,k

k
f uε
ε µ−→ ( ) ( ) 0jj t tβα −≥ ≥

 for all 0  t< < ∞
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( )7 / 6( ) div ,tu u u u vε= ∆ + − ∇

1 ,
| |

v u udx
Ω

−∆ = −
Ω ∫








2(KS)ε

( ) ( )0,0 ,u x u x=

,x∈Ω 0t >

0t >,x∈Ω

,x∈∂Ω( ) ( ), 0, , 0u x t v x tν ν∂ = ∂ =

.x∈Ω

0t >

Regularization: II
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Theorem 3 [Luckhaus-S-Válazquez.]

and 1{ }k kε ∞
=∃

s.t. ,kuε µ→ 

and 

Moreover,

,  ,u uµ µµ µ++= + = + 

the singular set  of , S µ µ+ * *[ , )  for some 0T T⊂ Ω× ∞ < < ∞

with

*(KS) in [0, )TΩ×

( [0, )),  Mµ µ+ +∈ Ω× ∞where 

( [0, ) \ S)Cu ∞∈ Ω× ∞and satisfying 

in the weak-* topology
Moreover,

 ,     t td d dt d d dtµ µµ µ+ += = 

with 0  t< < ∞0( )  ( ) ,t u x dxµ
Ω

Ω = ∫ t tµ µ+≤ for all

Radon measure , ( [0, ))Mµ µ+ +∃ ∈ Ω× ∞
7 / 6( )k k

ku uε εε µ++ →
µ µ+≤

2: sol. of (KS)  on [0, ),uε
ε∃ ∞

7/6( )u u uε ε εε≤ +
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consists of at most finitely many points 

Moreover, 0 for a.e.  [0, )t ∈ ∞

0 0{( , );  }  tS S x t t t≡ =

and 
( )

( )

( )   ( , ) 
j t

j t

t x
x

j
t S

ut t dxµ δα
∈

= +∑    a.e. [0, )t∈ ∞

a.e. [0, )t∈ ∞

 for all 0  t< < ∞Here 0 ( ) ( )jj t tβα +≤ ≤

( )= ( )=0 jj t tα β +In particular,

for all 0 t< < ∞

In addition, 1(0, ; ( ))Lu L∞∈ ∞ Ω with

0( , )  ( ) u x t dx u x dx
Ω Ω

≤∫ ∫

* for all 0 t T< <

(3)

(4)

 ,     t td d dt d d dtµ µµ µ+ += = 

( )
( )

( )   ( , ) 
j t

j t

t x
x t

j
S

t tu dxµ δβ+

∈

+= +∑  
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Theorem 4 [Luckhaus-S-Velázquez.]
Suppose that

with some  in (4)j
* [ , )TA∃ ⊂ ∞ of positive measure 

s.t. ( ) 8j t πα >  for a.e. t A∈

for a.e.   in (3) and (4)At∈( ) ( )jj t tβ α+ > 

Suppose that

with some  in (2)j
* [ , )TA∃ ⊂ ∞ of positive measure 

s.t. ( ) 8j tβ π− >  for a.e. t A∈

for a.e.   in (1) and (2)At∈( ) ( )j jt tβα −>

Theorem 2 [Luckhaus-S-Velázquez.]

( )
( )

( )   ( , ) ,
j t

j t

t x
x

j
t S

t t dxuµ δα
∈

= +∑   

cf
( )

( )

( )   ( , ) 
j t

j t

t x
x t

j
S

t tu dxµ δβ+

∈

+= +∑  
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Remark 2

( ) [ ]t t t tQµ µ µ−= ∆ +
( ) [ ]t t t tQµ µ µ+= ∆ + 

[ ]tQ dxdtµ ψ∫∫

0 ( (0, ))Cψ ∞∈ Ω× ∞

| | 0

1 ( ) ( )
4 t tx y

x yµ µ
π − >

≈ ∫∫
2

[( ) ( ( , ) ( , ))]
| |

x y x t y t dt
x y

ψ ψ− ∇ −∇
−




1

21 ˆ( ( , ) ) ( , )
4 tS

x t d x dtν ψ ν µ ν
π Ω×

+ ∇∫∫ 

Regularization: I
Regularization: II

*t T∀ ≥
*0 t T∀ < < Regularization: I Regularization: II=

non-uniquenss of measure valued sol

●

●
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Theorem 5 [Luckhaus-S-Velázquez.]

0
0 0

0
0 0 ( )\{ }

( , ) , we have 
2R

tB x x

mx t S dµ∈ ≤∫
0for some  and 0 fixed. m R >

10 ( )
0,  0 depending only on  and 

L
L uc

Ω
∃ > ∃ > Ω

such that 

00 0( ) ( ) t R L t tS B x B x
−

∩ ⊂
2

0 0for [ , ]t t cR t∈ −

continuity for the singular set



22

-regularity thmεKey idea:

t

x

00 0( ) ( ) t R L t tS B x B x
−

∩ ⊂ 2
0 0for [ , ]t t cR t∈ −

0x L t t= −

0 0( , )x t S∈

Remark 3
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t

( )( )
jx tj t δα≈ ⋅

• • •

1( )x t ( )jx t

• • •

( )
( )

( )   ( , ) 
j

tj

x t
x

t
St

j dxt tuµ δα
∈

= +∑  a.e. [0, )t∈ ∞

,kuε µ→  td d dtµµ =

*t T∀ ≥

•••

*T

x

consists of at most finitely many points 
0 0{( , );  }  tS S x t t t≡ =

( )i

( )ii

( )iii

1(0, ; ( ))Lu L∞∈ ∞ Ω

•

0 0( ,2 )0
sup  tB xt T

d
ρ

µ
< <
∫ 8π<

0x

Theorem 5 

Theorem 3 
Theorem 1 

0
0

0( ,2 )B tx
d

ρ
µ∫IV. Sketch of Proof

T
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1 )0 (

 ( )
L tu dµ

Ω
= Ω
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0( , )
 > 8

i
tB x

d
ρ

µ π∫
0: blow-up point of  at the time NR u t∈

for 0ρ∀ >

ix

ix

ix

blow-up set consists of finitely 
many points

Question
(i)   Location of blow-up points

(ii)  Number of blow-up points

(iii) delta measure

0at the time t

sharp ε-reg thm

sharp ε-reg thm
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t

( )( )
jx tj t δα≈ ⋅

• • •

1( )x t ( )jx t

• • •

( )
( )

( )   ( , ) 
j

tj

x t
x

t
St

j dxt tuµ δα
∈

= +∑  a.e. [0, )t∈ ∞

,kuε µ→  td d dtµµ =

*t T∀ ≥

•••

*T

x

consists of at most finitely many points 
0 0{( , );  }  tS S x t t t≡ =

( )i

( )ii

( )iii

1(0, ; ( ))Lu L∞∈ ∞ Ω

•

0 0( ,2 )0
sup  tB xt T

d
ρ

µ
< <
∫ 8π<

0x

Theorem 5 

Theorem 3 
Theorem 1 

0
0

0( ,2 )B tx
d

ρ
µ∫



26

Remark 4
Poupaud (Meth. Appl. An. 2002).

Dolbeault-Schmeiser (2006).

complicated assumption on measure

Luckhaus-S-Velazquez

( )
( )

( )  ( , ) ,
j t

j t

t j x
x t S

t u t dxµ α δ
∈

= +∑  0  t< < ∞

-regularity thmεby
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Poupaud (Meth. Appl. An. 2002).

Dolbeault-Schmeiser (2006).

: interval I R⊂

Definition

1( ; ) :  {( , );  ,  ( ) ( ),  N NDM I R t I t M Rµ ν µ+ += ∀ ∈ ∈
(  ) ,N N NM I Rν ×∈ ×

( ) is a tightly continuous with respect to ,t tµ
 is a non negative, symmetric, matrix valued measure,ν

( ( ))
( ( ,  )) ( ( )({ }))( ( ) ( ) }

ata S t
tr t x t a x a t

µ

ν µ δ λ
∈

≤ −∑

( ) is the space of Radon measures, NM R
1( ) is the space of bounded Radon measuresNM R

 is the Lebesgue measureλ
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Remark 4
Poupaud (Meth. Appl. An. 2002).

Dolbeault-Schmeiser (2006).

complicated assumption on measure

Luckhaus-S-Velazquez

( )
( )

( )   ( , ) ,
j t

j t

t j x
x t S

t u t dxµ α δ
∈

= +∑  0  t< < ∞

-regularity thmεby



29

Previous results: (85-95).

Steady states (Schaap).
Finite time blow-up. (Jäger-Luckhaus).
Dirac mass formation. Asymptotics (Herrero-Velazquez).
Critical masses. (Biler, Nagai,...).
Entropies. (Gajewsky-Zacharias).

Multispecies models (Wolansky).

New results: ............
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Controlling the motion of the mass:

A crucial symmetrization argument.

Senba-Suzuki (Adv. Diff. Equ. 2001).

Poupaud (Meth. Appl. An. 2002).

Dolbeault-Schmeiser (2006).
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Remark 2

( ) [ ]t t t tQµ µ µ−= ∆ +
( ) [ ]t t t tQµ µ µ+= ∆ + 

[ ]tQ dxdtµ ψ∫∫

0 ( (0, ))Cψ ∞∈ Ω× ∞

| | 0

1 ( ) ( )
4 t tx y

x yµ µ
π − >

≈ ∫∫
2

[( ) ( ( , ) ( , ))]
| |

x y x t y t dt
x y

ψ ψ− ∇ −∇
−




1

21 ˆ( ( , ) ) ( , )
4 tS

x t d x dtν ψ ν µ ν
π Ω×

+ ∇∫∫ 

Regularization: I
Regularization: II

*t T∀ ≥
*0 t T∀ < < Regularization: I Regularization: II=

non-uniquenss of measure valued sol

●

●
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0 tu dxdtψ
∞

⋅ =∫ ∫ 0
u dxdtψ

∞
∆ ⋅∫ ∫

2

[( ) ( ( , ) ( , ))]( , ) ( , )
| |

x y x t y tu x t u y t dxdy
x y
ψ ψ

Ω Ω

− ∇ −∇
≈

−∫ ∫


0
u v dxdtψ

∞
+ ∇ ⋅∇∫ ∫

J

( , ) ( , )( ( , ) ) ( , )u x t N x y u y t u dy x t dxJ ψΩΩ Ω
= ∇ − ∇∫ ∫

| |( )x y dxdyη
δΩ Ω

−
= ∫ ∫ 

| |1 ( )x y dxdyη
δΩ Ω

− + −  ∫ ∫ 

| | 0

1 ( ) ( )
4 t tx y

x yµ µ
π − >∫∫ 2

[( ) ( ( , ) ( , ))]
| |

x y x t y t dt
x y

ψ ψ− ∇ −∇
−




1

21 ˆ( ( , ) ) ( , )
4 tS

x t d x dtν ψ ν µ ν
π Ω×

+ ∇∫∫   0 ( (0, ))Cψ ∞∈ Ω× ∞



Theorem 2 [Luckhaus-S-Velázquez.]

Suppose that

with some  in (2)j
* [ , )TA∃ ⊂ ∞ of positive measure 

s.t. ( ) 8j tβ π− >  for a.e. t A∈

for a.e.   in (1) and (2)At∈( ) ( )j jt tβα −>

( )
( )

( ) ( )  ( , ) 
j t

j t

x
t

jt
x S

t t t dxuµ δα
∈

= +∑  a.e. [0, )t∈ ∞

( )
( )

( ) ( )  ( , ) 
j t

j t

t x
t

j
x S

t t u t dxβµ δ−−

∈

= +∑  a.e. [0, )t∈ ∞

(1)

(2)

,kuε µ→ ( ) ,k

k
f uε
ε µ−→ ( ) ( ) 0jj t tβα −≥ ≥

 for all 0  t< < ∞
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1 ( )
( )

ˆ ( , ) ( )
j

j t

t j x tS
x t S

d x tµ ν γ δ
∈

= ∑∫

28 ( ) ( ( ))j jt tπβ β −< jγ≤ 8 ( )j tπα≤

assump of Th2

Sketch of proof of Th 2

Fact 1 Fact 2

1

2
singˆ ( , ) ( )tS

d xµ ν µ−≥∫
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Thank  you for your kind attention
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