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• Background

– 1:2 resonant interaction under O(2)-symmetry

– Pattern formation on a hexagonal lattice

• 1:2 resonance on a hexagonal lattice

– modified Swift-Hohenberg equation

∗ Center manifold reduction

∗ Bifurcation diagrams

– Two-layered Rayleigh-Bénard problem

∗ Bifurcation diagrams

∗ Nearly heteroclinic cycle
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Rayleigh-Bénard problem
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conduction state + disturbance

σ(k, R) = 0: neutral curve

At the linear stage,

3

disturbance ∝ eik·x2+σ(k,R)t, x2 = (x, y)
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• Classification of Steady Solutions

1. Dangelmayr, G. 1986 Steady state mode interactions in presence of O(2)
symmetry. Dyn. Stab. Syst. 1, 159–185.

2. Buzano, E. & Russo, A. 1987 Bifurcation problems with O(2)⊕Z2 symme-
try and the buckling of a cylindrical shell. Annuli di Matematica Pura ed
Applicata (IV) 146, 217–262.

1:2 Resonance under O(2) Symmetry
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1:2 steady-state mode interaction

O(2)=SO(2)×Z2: x→ x + l(mod 2π/k), x→ −x

ψ(x, t) = z1(t)φ1(z) eikx + c.c. + z2(t)φ2(z) e2ikx + c.c + · · ·





ż1 = σ1z1 + β1z̄1z2 + (κ1u + κ2v)z1,

ż2 = σ2z2 + β2z2
1 + (κ3u + κ4v)z2,

σ1, σ2, β1, β2, κ1, κ2, κ3, κ4 ∈ R, u = |z1|2, v = |z2|2.

z1(t) = r1(t) eiθ1(t), z2(t) = r2(t) eiθ2(t).






ṙ1 = σ1r1 + β1r1r2 cosΘ + (κ1r21 + κ2r22)r1,

ṙ2 = σ2r2 + β2r21 cosΘ + (κ3r21 + κ4r22)r2,

Θ̇ = −(β2r21r−1
2 + 2β1r2) sinΘ, Θ := θ2(t)− 2θ1(t).
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Steady solutions

• r1 = 0, r2 != 0: pure mode

• r1 != 0, r2 != 0, cosΘ = ±1: mixed mode




0 = σ1r1 ± β1r1r2 + (κ1r21 + κ2r22)r1,

0 = σ2r2 ± β2r21 + (κ3r21 + κ4r22)r2.

• r1 != 0, r2 != 0, cosΘ != ±1: traveling wave





0 = σ1r1 + β1r1r2 cosΘ + (κ1r21 + κ2r22)r1,

0 = σ2r2 + β2r21 cosΘ + (κ3r21 + κ4r22)r2,

0 = β2r21r−1
2 + 2β1r2.

θ2 − 2θ1 = Θ "= nπ

ż1 = · · · ⇒ θ̇1 = β1r2 sinΘ → θ1 = (β1r2 sinΘ)t+θ1(0), θ2 = 2θ1+Θ

ψ = r1φ1(z) ei(kx+θ1) + c.c. + r2φ2(z) e2i(kx+θ1)+iΘ + c.c. + · · ·

ei(kx+θ1) ∝ eik(x−[−k−1β1r2 sinΘ]t)
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O(2)⊕Z2: x→ x + l(mod 2π/k), x→ −x, z → −z




ż1 = σ1z1 + (κ1u + κ2v)z1 + χ1z̄1z2w + (λ11u2 + λ12uv + λ13v2)z1,

ż2 = σ2z2 + (κ3u + κ4v)z2 + χ2z2
1w + (λ21u2 + λ22uv + λ23v2)z2,

u = |z1|2, v = |z2|2, w = z̄2
1z2 + z2

1z̄2.

Steady solutions:

• z1 $= 0, z2 = 0: large rolls

• z1 = 0, z2 $= 0: small rolls

• z1 $= 0, z2 $= 0: mixed rolls

• z1 $= 0, z2 $= 0, Θ $= nπ: traveling wave

z → −z : u→ u, w → −w, θ → −θ



Up(L)-hexagons  vs.
Down(G)-hexagons

Roll vs. hexgons
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ψ(x, t) = z1(t)φ1(z) eikx + c.c. + z2(t)φ2(z) e
ik
2 (x+

√
3y) + c.c.

+z3(t)φ3(z) e
ik
2 (x−

√
3y) + c.c. + · · · .
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Pattern formation on a hexagonal lattice

Γ = D6+̇T2 ⊕ Z2

z1, z2, z3 ∈ C

D6






c : (z1, z2, z3)→ (z̄1, z̄2, z̄3)

D3





R2π/3 : (z1, z2, z3)→ (z2, z3, z1)

σv : (z1, z2, z3)→ (z1, z3, z2)

T2 : (s, t) · z = (eisz1, e−i(s+t)z2, eitz3), s, t ∈ [0,2π)

Z2 : (z1, z2, z3)→ (−z1,−z2,−z3)

ż1 = σz1 + (µ1|z1|2 + µ2(|z2|2 + |z3|2))z1 + ν1z̄1z̄2
2z̄2

3 + ν2|z2|2|z3|2z1

+(κ1|z1|4 + κ2(|z2|2 + |z3|2)|z1|2 + κ3(|z2|4 + |z3|4))z1
11
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Rigid-Rigid BCs, water (P = 7)

Cubic order approx.              Quintic order approx.

δ = R−Rc
Rc

/RT

Stable Hexagons

ż1 = σz1 + (µ1|z1|2 + µ2(|z2|2 + |z3|2))z1 + ν1z̄1z̄2
2z̄2

3 + ν2|z2|2|z3|2z1

+(κ1|z1|4 + κ2(|z2|2 + |z3|2)|z1|2 + κ3(|z2|4 + |z3|4))z1

ż1 = σz1 + (µ1|z1|2 + µ2(|z2|2 + |z3|2))z1 + ν1z̄1z̄2
2z̄2

3 + ν2|z2|2|z3|2z1

+(κ1|z1|4 + κ2(|z2|2 + |z3|2)|z1|2 + κ3(|z2|4 + |z3|4))z1

Rolls R: z1 != 0, z2 = z3 = 0; Hexagons H: 0 != z1 = z2 = z3 ∈ R

Patchwork Quilt PQ: z1 = 0, z2 = z3 != 0; Regular Triangles RT: 0 != z1 = z2 = z3 ∈ iR

Rectangles RA: 0 != z1 != z2 = z3 != 0

P = 7

KF & S.Yamada: Proc. R. Soc. A (2008) 464 2721–2739
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Swift-Hohenberg equation:

∂u

∂t
= (R−Rc)σRu− (∆ + k2

c )
2u− f(u), f(u) = u3

∂u

∂t
= ru− (∆ + 1)2u− u3

u = δ eikx+σt :

σ = r − (1− k2)2 + O(δ2) ⇒ r = σ + (1− k2)2

Neutral curve: σ = 0

“ロールパターンと六角パターンの競合”

小川知之：「非線形現象と微分方程式」
サイエンス社（2010.6）
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1:2 resonance on a hexagonal lattice
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σ(k) = −(1− k2)2(4− k2)2

Swift-Hohenberg equation:

∂u

∂t
= (R−Rc)σRu− (∆ + k2

c )
2u− f(u), f(u) = u3

∂u

∂t
= ru− (∆ + 1)2u− u3

u = δ eikx+σt :

σ = r − (1− k2)2 + O(δ2) ⇒ r = σ + (1− k2)2

Neutral curve: σ = 0

Modified Swift-Hohenberg equation for 1:2 resonance under broken
Z2-symmetry:

∂u

∂t
= ru− (∆ + 1)2(∆ + 4)2u + εu2 − u3

23
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Center Manifold Reduction under Broken Z2-Symmetry

u(x, y) = z10 eikx + z01 e
ik
2 (x+

√
3y) + z−1−1 e

ik
2 (x−

√
3y) + c.c.

+z20 e2ikx+z02 e
2ik
2 (x+

√
3y)+z−2−2 e

2ik
2 (x−

√
3y)+c.c.+· · ·






ż10 = σ10z10 + 2εz11z0−1 + 2εz20z−10 + O(3),

ż01 = σ01z01 + 2εz11z−10 + 2εz02z0−1 + O(3),

ż−1−1 = σ−1−1z−1−1 + 2εz−10z0−1 + 2εz−2−2z11 + O(3),

ż20 = σ20z20 + εz2
10 + 2εz22z0−2 + O(3),

ż02 = σ02z02 + 2εz22z−20 + εz2
01 + O(3),

ż−2−2 = σ−2−2z−2−2 + 2εz−20z0−2 + εz2
−1−1 + O(3).

Center manifold:

zjk = hjk = hjk(z10, z01, z−1−1, z20, z02, z−2−2, z̄10, z̄01, z̄−1−1, z̄20, z̄02, z̄22)

= σ21(γ1011z10z11+γ2001z20z01+γ220−1z22z0−1)+2ε(z10z11+z20z01+z22z0−1)+O(3).

We thus conclude that

γ1011 =
2ε

σ10 + σ11 − σ21
, γ2001 =

2ε

σ20 + σ01 − σ21
, γ220−1 =

2ε

σ22 + σ0−1 − σ21
.

Note that γ2020 is only the exception. All the other γj1,j2,k1,k2
are

given by

γj1,j2,k1,k2
=

2ε

σj1j2 + σk1k2
− σj1+k1,j2+k2

.

ż10 = σ10z10 + 2εz11z0−1 + 2εz20z−10

+ε[2h00z10+2h21z−1−1+2h1−1z01+2h12z0−2+2h32z−2−2+2h30z−20+2h1−2z02+2h−1−2z22]

−[3z2
10z−10+6(|z01|2+|z−1−1|2+|z20|2+|z02|2+|z−2−2|2)z10+6z22z−1−1z0−1

+6z20z−1−1z01 + 6z0−2z11z01 + 6z−10z0−2z22],

√
3 : h21 = γ1011z10z11 + γ220−1z22z0−1 + γ2001z20z01,

√
3 : h1−1 = γ100−1z10z0−1 + γ20−1−1z20z−1−1 + γ0−211z0−2z11,

√
7 : h1−2 = γ100−2z10z0−2,

3 : h30 = γ1020z10z20,

√
7 : h32 = γ2210z22z10,

√
3 : h12 = γ1101z11z01 + γ0210z02z10 + γ22−10z22z−10,

√
3 : h−1−2 = γ−1−10−1z−1−1z0−1+γ−2−210z−2−2z10+γ−100−2z−10z0−2,

h00 = γ10−10|z10|2 + γ010−1|z01|2 + γ−1−111|z−1−1|2 + γ20−20|z20|2

+γ020−2|z02|2 + γ−2−222|z−2−2|2,

4 : h40 = γ2020z2
20,

2
√

3 : h42 = γ2220z22z20,

2
√

3 : h2−2 = γ200−2z20z0−2,

√
7 : h31 = γ2011z20z11,

√
7 : h2−1 = γ200−1z20z0−1.

Let us take z40 for example. Since z40 = h40, we have

ż40 = 2γ2020z20ż20 = 2γ2020z20·σ20z20+O(3) = σ40γ2020z2
20+εz2

20+O(3).

We thus obtain

γ2020 =
ε

2σ20 − σ40
.
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ż10 = σ10z10 + 2εz11z0−1 + 2εz20z−10 −
(

4ε2

σ(0)
+ 3

)
u10z10

−
(

4ε2

σ(0)
+

4ε2

σ(
√

3k∗)
+ 6

)
(u01z10 + u−1−1z10)−

(
2ε2

σ(0)
+

4ε2

σ(3k∗)
+ 6

)
u20z10

−
(

4ε2

σ(0)
+

4ε2

σ(
√

3k∗)
+

4ε2

σ(
√

7k∗)
+ 6

)
(u02z10 + u−2−2z10)

−
(

8ε2

σ(
√

3k∗)
+ 6

)
[z−10z0−2z22 + z20z01z−1−1 + (z11z01z0−2 + z22z0−1z−1−1)],

ż20 = σ20z20 + 2εz22z0−2 + εz2
10 −

(
4ε2

σ(0)
+

4ε2

σ(3k∗)
+ 6

)
u10z20

−
(

4ε2

σ(0)
+

4ε2

σ(
√

3k∗)
+

4ε2

σ(
√

7k∗)
+ 6

)
(u01z20 + u−1−1z20)

−
(

4ε2

σ(0)
+

2ε2

σ(4k∗)
+ 3

)
u20z20 −

(
4ε2

σ(0)
+

4ε2

σ(2
√

3k∗)
+ 6

)
(u02z20 + u−2−2z20)

−
(

8ε2

σ(
√

3k∗)
+ 6

)
z10z11z0−1 −

(
4ε2

σ(
√

3k∗)
+ 3

)
(z22z

2
0−1 + z0−2z

2
11).
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! σ(k) = r − (1− k2)2

2:1 resonance occurs at (r∗, k∗) =

(
9

25
,

√
2

5

)

.

σ(0) = −
16

25
, σ(

√
3) =

8

25
, σ(

√
7) = −

72

25
, σ(3) = −

32

5
,

σ(2
√

3) = −
352

25
, σ(4) = −

144

5
.

! σ(k) = r − (1− k2)2(4− k2)2

The interaction point locates at (r∗, k∗) = (0,1).

σ(0) = −16, σ(
√

3) = −4, σ(
√

7) = −324, σ(3) = −1600,

σ(2
√

3) = −7744, σ(4) = −32400.
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Amplitude equations under Z2-Symmetry

ż1 = G(3)
1 (z) + O(5), ż4 = G(3)

4 (z) + O(5)

G(3)
1 (z) = σ1z1 + [3u1 + 6(u2 + u3)]z1 + [6u4 + 6(u5 + u6)]z1

+6z̄1z̄5z̄6 + 6z2z3z4 + 6(z̄2z3z̄6 + z2z̄3z̄5),

G(3)
4 (z) = σ2z4 + [6u1 + 6(u2 + u3)]z4 + [3u4 + 6(u5 + u6)]z4

+6z1z̄2z̄3 + 3(z̄2
3z̄5 + z̄2

2z̄6).

Amplitude equations under Z2-Symmetry

ż1 = G(3)
1 (z) + O(5), ż4 = G(3)

4 (z) + O(5)

G(3)
1 (z) = σ1z1 + [3u1 + 6(u2 + u3)]z1 + [6u4 + 6(u5 + u6)]z1

+6z̄1z̄5z̄6 + 6z2z3z4 + 6(z̄2z3z̄6 + z2z̄3z̄5),

G(3)
4 (z) = σ2z4 + [6u1 + 6(u2 + u3)]z4 + [3u4 + 6(u5 + u6)]z4

+6z1z̄2z̄3 + 3(z̄2
3z̄5 + z̄2

2z̄6).

u1 = |z1|2, u2 = |z2|2, u3 = |z3|2, u4 = |z4|2, u5 = |z5|2, u6 = |z6|2

30

At the quintic order approximation,

ż1 = G(3)
1 (z) + γ1,0,1,0,1,0

3,0 u2
1z1

+(γ0,−1,0,−1,1,0
1,−2 + γ1,0,0,1,0,1

1,2 )(u2
2z1 + u2

3z1)

+γ1,0,2,0,2,0
5,0 u2

4z1

+γ0,−2,0,−2,1,0
1,−4 (u2

5z1 + u2
6z1)

+(γ0,−1,1,0,1,0
2,−1 + γ1,0,1,0,0,1

2,1 )(u1u2z1 + u1u3z1)

+(γ−2,0,1,0,1,0
0,0 + γ1,0,1,0,2,0

4,0 )u1u4z1

+γ0,−2,1,0,1,0
2,−2 (u1u5z1 + u1u6z1)

+γ1,0,0,1,−1,−1
0,0 u2u3z1

+(γ−2,0,1,0,0,1
−1,1 + γ0,−1,1,0,2,0

3,−1 + γ1,0,0,1,2,0
3,1 )(u2u4z1 + u3u4z1)

+(γ0,−2,0,−1,1,0
1,−3 + γ0,−2,1,0,0,1

1,−1 + γ1,0,0,1,0,2
1,3 )(u2u5z1 + u3u6z1)

+(γ2,2,0,−1,1,0
3,1 + γ2,2,1,0,0,1

3,3 + γ0,−1,1,0,−2,−2
−1,−3 )(u2u6z1 + u3u5z1)

+(γ1,0,2,0,0,2
3,2 + γ0,−2,−2,0,1,0

−1,−2 + γ0,−2,1,0,2,0
3,−2 )(u4u5z1 + u4u6z1)

+(γ2,2,1,0,0,2
3,4 + γ2,2,0,−2,1,0

3,0 + γ0,−2,1,0,−2,−2
−1,−4 )u5u6z1

+γ2,2,0,−2,1,0
3,0 u1z̄1z̄5z̄6
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+(γ0,−2,1,1,1,0
2,−1 + γ0,−2,1,0,0,1

1,−1 )(u1z2z̄3z̄5 + u1z̄2z3z̄6)

+(γ1,0,0,1,2,0
3,1 + γ1,0,−1,−1,2,0

2,−1 + γ1,0,0,1,−1,−1
0,0 )u1z2z3z4

+(γ0,1,0,1,−1,−1
−1,1 + γ0,−1,−1,−1,2,0

1,−2 )(u2z2z3z4 + u3z2z3z4)

+(γ0,−1,0,−1,−1,−1
−1,−3 + γ2,2,0,1,−1,−1

1,2 )(u2z̄2z3z̄6 + u3z2z̄3z̄5)

+(γ0,−2,1,1,0,−1
1,−2 + γ1,1,0,1,0,1

1,3 + γ0,−2,0,1,0,1
0,0 )(u2z2z̄3z̄5 + u3z̄2z3z̄6)

+(γ2,2,0,−2,0,−1
2,−1 + γ2,2,0,−2,0,1

2,1 + γ2,2,−1,0,0,1
1,3 + γ0,−2,0,−1,−1,0

−1,−3 )(u2z̄1z̄5z̄6 + u3z̄1z̄5z̄6)

+(γ0,1,2,0,2,0
4,1 + γ−1,−1,2,0,2,0

3,−1 )u4z2z3z4

+(γ2,2,0,−2,−2,0
0,0 + γ2,2,0,−2,2,0

4,0 + γ2,2,−1,0,2,0
3,2 + γ0,−2,−1,0,2,0

1,−2 )u4z̄1z̄5z̄6

+(γ0,−2,−2,0,0,1
−2,−1 + γ1,1,0,1,2,0

3,2 + γ0,−2,1,1,2,0
3,−1 + γ0,−2,0,1,2,0

2,−1 )(u4z2z̄3z̄5 + u4z̄2z3z̄6)

+(γ0,−2,0,1,−1,−1
−1,−2 + γ0,1,2,0,0,2

2,3 + γ0,−2,0,1,2,0
2,−1 + γ0,−2,−1,−1,2,0

1,−3 )(u5z2z3z4 + u6z2z3z4)

+(γ0,−2,0,−2,1,1
1,−3 + γ0,−2,0,−2,0,1

0,−3 )(u5z2z̄3z̄5 + u6z̄2z3z̄6)

+(γ2,2,0,−2,1,1
3,1 + γ2,2,0,−2,0,1

2,1 + γ2,2,1,1,0,1
3,4 + γ0,−2,1,1,−2,−2

−1,−3 + γ0,−2,0,1,−2,−2
−2,−3 )(u6z2z̄3z̄5 + u5z̄2z3z̄6)

+(γ2,2,2,2,0,−2
4,2 + γ2,2,2,2,−1,0

3,4 )(u6z̄1z̄5z̄6 + u5z̄1z̄5z̄6)

+(γ1,1,1,1,0,−1
2,1 + γ1,1,0,−1,−1,0

0,0 + γ0,−1,0,−1,−1,0
−1,−2 + γ1,1,0,−1,0,−1

1,−1 + γ1,1,1,1,−1,0
1,2 )z̄1z̄

2
2 z̄2

3

+(γ−1,0,−1,0,2,0
0,0 + γ−1,0,2,0,2,0

3,0 )z̄3
1z2

4

+γ1,0,1,0,1,0
3,0 z3

1z5z6
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+(γ0,−1,1,0,1,0
2,−1 + γ−2,0,1,0,1,0

0,0 + γ1,1,1,0,1,0
3,1 )z2

1 z̄2z̄3z̄4

+(γ0,−1,−1,0,2,0
1,−1 +γ−1,0,−1,0,2,0

0,0 +γ1,1,0,−1,−1,0
0,0 +γ1,1,−1,0,2,0

2,1 +γ1,1,−1,0,−1,0
−1,1 +γ0,−1,−1,0,−1,0

−2,−1 +γ1,1,0,−1,2,0
3,0 )z̄2

1 z̄2z̄3z4

+(γ2,0,2,0,−2,−2
2,−2 + γ2,0,0,2,−2,−2

0,0 + γ−1,0,2,0,2,0
3,0 + γ2,0,2,0,0,2

4,2 + γ−1,0,2,0,0,2
1,2 + γ−1,0,2,0,−2,−2

−1,−2 )z̄1z
2
4z5z6

+(γ2,2,0,−2,−2,0
0,0 +γ2,2,0,−2,1,1

3,1 +γ2,2,−2,0,1,1
1,3 +γ2,2,0,−2,0,−1

2,−1 +γ2,2,1,1,0,−1
3,2 +γ0,−2,−2,0,0,−1

−2,−3 +γ0,−2,1,1,0,−1
1,−2 )z̄2z̄3z̄4z̄5z̄6

+(γ1,1,0,−1,2,0
3,0 + γ1,1,2,0,−2,−2

1,−1 + γ1,1,0,−1,0,2
1,2 + γ1,1,0,2,−2,−2

−1,1 + γ0,−1,2,0,0,2
2,1 + γ2,0,0,2,−2,−2

0,0 + γ0,−1,0,2,−2,−2
−2,−1

+γ0,−1,2,0,−2,−2
0,−3 + γ1,1,0,−1,−2,−2

−1,−2 + γ1,1,2,0,0,2
3,3 )z̄2z̄3z4z5z6

+(γ0,−2,−1,0,2,0
1,−2 + γ0,−2,0,1,0,1

0,0 + γ0,−2,0,1,2,0
2,−1 )(z̄1z

2
2z4z̄5 + z̄1z

2
3z4z̄6)

+(γ2,2,−2,0,1,0
1,2 + γ0,−1,0,−1,1,0

1,−2 + γ2,2,0,−1,1,0
3,1 )(z1z̄

2
2 z̄4z̄6 + z1z̄

2
3 z̄4z̄5)

+(γ1,1,0,−1,0,−1
1,−1 + γ0,−1,0,−1,0,2

0,0 + γ1,1,0,−1,0,2
1,2 + γ0,−1,0,−1,0,−1

0,−3 )(z̄3
2 z̄3z5 + z̄2z̄

3
3z6)

+(γ0,−1,1,0,1,0
2,−1 + γ1,0,1,0,−1,−1

1,−1 )(z2
1 z̄2z3z5 + z2

1z2z̄3z6)

+(γ0,−1,0,−1,−1,0
−1,−2 + γ0,−1,0,−1,2,0

2,−2 + γ0,−1,0,−1,0,2
0,0 + γ0,−1,−1,0,2,0

1,−1 + γ0,−1,−1,0,0,2
−1,1 + γ0,−1,2,0,0,2

2,1 + γ−1,0,2,0,0,2
1,2 )

×(z̄1z̄
2
2z4z5 + z̄1z̄

2
3z4z6)

+(γ1,0,2,0,−2,−2
1,−2 + γ1,0,0,1,0,1

1,2 + γ1,0,0,1,2,0
3,1 )(z1z

2
2z4z6 + z1z

2
3z4z5)
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ż4 = G(3)
4 (z) + (γ−1,0,−1,0,2,0

0,0 + γ1,0,1,0,2,0
4,0 )u2

1z4

+γ0,−1,0,−1,2,0
2,−2 (u2

2z4 + u2
3z4)

+γ2,0,2,0,2,0
6,0 u2

4z4

+(γ0,−2,0,−2,2,0
2,−4 + γ2,0,0,2,0,2

2,4 )(u2
5z4 + u2

6z4)

+(γ0,−1,−1,0,2,0
1,−1 + γ0,−1,1,0,2,0

3,−1 + γ1,0,0,1,2,0
3,1 )(u1u2z4 + u1u3z4)

+(γ−1,0,2,0,2,0
3,0 + γ1,0,2,0,2,0

5,0 )u1u4z4

+(γ0,−2,−1,0,2,0
1,−2 + γ0,−2,1,0,2,0

3,−2 + γ−1,0,2,0,0,2
1,2 + γ1,0,2,0,0,2

3,2 )(u1u5z4 + u1u6z4)

+(γ0,−2,0,−1,2,0
2,−3 + γ0,−2,0,1,2,0

2,−1 + γ0,−1,2,0,0,2
2,1 + γ0,1,2,0,0,2

2,3 )(u2u5z4 + u3u6z4)

+(γ1,1,0,−1,2,0
3,0 + γ1,1,0,1,2,0

3,2 + γ0,−1,−1,−1,2,0
1,−2 )u2u3z4

+(γ0,−1,2,0,2,0
4,−1 + γ0,1,2,0,2,0

4,1 )(u2u4z4 + u3u4z4)

+(γ2,2,0,−1,2,0
4,1 + γ2,2,0,1,2,0

4,3 + γ0,−1,2,0,−2,−2
0,−3 )(u2u6z4 + u3u5z4)

+(γ0,−2,2,0,2,0
4,−2 + γ2,0,2,0,0,2

4,2 )(u4u5z4 + u4u6z4)

+(γ2,2,0,−2,2,0
4,0 + γ2,2,2,0,0,2

4,4 + γ0,−2,2,0,−2,−2
0,−4 + γ2,0,0,2,−2,−2

0,0 )u5u6z4

+(γ1,1,0,−1,−1,0
0,0 + γ1,1,1,0,1,0

3,1 ) + γ0,−1,1,0,1,0
2,−1 )u1z1z̄2z̄3

+(γ2,2,0,−1,1,0
3,1 + γ0,−1,0,−1,−1,0

−1,−2 + γ0,−1,0,−1,1,0
1,−2 )(u1z̄

2
2 z̄6 + u1z̄

2
3 z̄5)
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+(γ0,−2,1,1,0,−1
1,−2 + γ1,1,1,1,0,−1

2,1 + γ1,1,1,1,0,1
2,3 )(u2z̄

2
3 z̄5 + u3z̄

2
2 z̄6)

+(γ1,1,0,−1,0,−1
1,−1 + γ0,−1,0,−1,1,0

1,−2 )(u2z1z̄2z̄3 + u3z1z̄2z̄3)

+γ0,−1,0,−1,0,−1
0,−3 (u2z̄

2
2 z̄6 + u3z̄

2
3 z̄5)

+(γ1,1,0,−1,2,0
3,0 + γ1,1,1,0,2,0

4,1 + γ0,−1,1,0,2,0
3,−1 )u4z1z̄2z̄3

+(γ0,−1,0,−1,2,0
2,−2 + γ2,2,0,−1,2,0

4,1 )(u4z̄
2
2 z̄6 + u4z̄

2
3 z̄5)

+(γ2,2,0,−2,0,−1
2,−1 + γ2,2,0,−1,0,2

2,3 + γ0,−2,0,−1,0,−1
0,−4 + γ0,−1,0,−1,0,2

0,0 )(u5z̄
2
2 z̄6 + u6z̄

2
3 z̄5)

+(γ0,−2,0,−2,1,1
1,−3 + γ1,1,1,1,0,2

2,4 )(u5z̄
2
3 z̄5 + u6z̄

2
2 z̄6)

+(γ0,−2,1,1,0,−1
1,−2 + γ0,−2,1,1,1,0

2,−1 + γ0,−2,0,−1,1,0
1,−3 + γ1,1,0,−1,0,2

1,2 + γ1,1,1,0,0,2
2,3 )(u5z1z̄2z̄3 + u6z1z̄2z̄3)

+(γ−2,0,1,0,1,0
0,0 + γ1,0,1,0,1,0

3,0 )z4
1 z̄4

+(γ0,1,2,0,2,0
4,1 + γ2,0,2,0,−2,−2

2,−2 )(z2
2z2

4z6 + z2
3z2

4z5)

+(γ2,2,2,2,0,−2
4,2 + γ2,2,2,2,−2,0

2,4 + γ2,2,0,−2,0,−2
2,−2 + γ2,2,0,−2,−2,0

0,0 + γ0,−2,0,−2,−2,0
−2,−4 )z̄4z̄

2
5 z̄2

6

+(γ2,2,2,2,0,−2
4,2 + γ2,2,2,2,−1,−1

3,3 + γ2,2,0,−2,−1,−1
1,−1 + γ2,2,−1,−1,−1,−1

0,0 + γ0,−2,−1,−1,−1,−1
−2,−4 )(z2

3 z̄5z̄
2
6 + z2

2 z̄2
5 z̄6)

+(γ1,0,1,0,2,0
4,0 + γ1,0,2,0,0,2

3,2 + γ1,0,2,0,−2,−2
1,−2 + γ2,0,0,2,−2,−2

0,0 )z2
1z4z5z6

+(γ2,2,0,−2,−2,0
0,0 + γ2,2,0,−2,1,0

3,0 + γ2,2,−2,0,1,0
1,2 + γ2,2,1,0,1,0

4,2 + γ0,−2,−2,0,1,0
−1,−2 + γ0,−2,1,0,1,0

2,−2 + γ−2,0,1,0,1,0
0,0 )z2

1 z̄4z̄5z̄6

+(γ2,2,0,−2,2,0
4,0 + γ2,2,−1,0,2,0

3,2 + γ0,−2,−1,0,2,0
1,−2 + γ−1,0,−1,0,2,0

0,0 )z̄2
1z4z̄5z̄6

+(γ2,2,0,−2,1,0
3,0 + γ2,2,0,−2,0,1

2,1 + γ2,2,0,−2,−1,−1
1,−1 + γ2,2,1,0,0,1

3,3 + γ2,2,1,0,−1,−1
2,1 + γ2,2,0,1,−1,−1

1,2 + γ0,−2,1,0,0,1
1,−1
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+γ0,−2,1,0,−1,−1
0,−3 + γ0,−2,0,1,−1,−1

−1,−2 + γ1,0,0,1,−1,−1
0,0 )z1z2z3z̄5z̄6

+(γ2,2,0,−2,1,1
3,1 +γ2,2,0,−2,0,−1

2,−1 +γ2,2,1,1,0,−1
3,2 +γ2,2,1,1,−1,0

2,3 +γ0,−2,1,1,0,−1
1,−2 +γ0,−2,0,−1,−1,0

−1,−3 +γ1,1,0,−1,−1,0
0,0 )z̄1z̄2z̄3z̄5z̄6

+(γ0,−2,1,1,2,0
3,−1 + γ0,−2,−1,0,2,0

1,−2 + γ0,−2,0,1,2,0
2,−1 + γ1,1,−1,0,2,0

2,1 + γ1,1,0,1,2,0
3,2 )(z̄1z2z̄3z4z̄5 + z̄1z̄2z3z4z̄6)

+(γ0,−2,1,0,1,0
2,−2 + γ0,−2,1,0,0,1

1,−1 + γ0,−2,0,1,0,1
0,0 + γ1,0,1,0,0,1

2,1 + γ1,0,0,1,0,1
1,2 )(z2

1z2
2 z̄5 + z2

1z2
3 z̄6)

+(γ0,−1,0,−1,1,0
1,−2 + γ0,−1,0,−1,0,2

0,0 + γ0,−1,1,0,1,0
2,−1 )(z2

1 z̄2
2z5 + z2

1 z̄2
3z6)

+(γ1,1,1,0,2,0
4,1 + γ1,1,0,1,2,0

3,2 + γ1,1,2,0,−2,−2
1,−1 + γ1,0,0,1,2,0

3,1 + γ1,0,2,0,−2,−2
1,−2 )(z1z2z̄3z4z6 + z1z̄2z3z4z5)

+(γ−1,0,2,0,2,0
3,0 + γ0,1,2,0,2,0

4,1 + γ−1,−1,2,0,2,0
3,−1 )z̄1z2z3z

2
4

+(γ1,0,1,0,1,0
3,0 + γ1,0,1,0,0,1

2,1 + γ1,0,1,0,−1,−1
1,−1 + γ1,0,0,1,−1,−1

0,0 )z3
1z2z3
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Invariant subspaces

in the absence of

I1 = C(0,0,0,1,0,0)

I2 = C{(1,0,0,0,0,0), (0,0,0,1,0,0)}

I3 = C{(0,0,0,1,0,0), (0,0,0,0,1,0), (0,0,0,0,0,1)}

I4 = C{(1,0,0,0,0,0), (0,0,0,1,0,0), (0,0,0,0,1,0), (0,0,0,0,0,1)}

Z2

I6 = C{(1,0,0,0,0,0), (0,1,0,0,0,0), (0,0,1,0,0,0),

(0,0,0,1,0,0), (0,0,0,0,1,0), (0,0,0,0,0,1)}
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Invariant subspaces

in the presence of
I1 = C(0,0,0,1,0,0)

I ′
1 = C(1,0,0,0,0,0)

I2 = C{(1,0,0,0,0,0), (0,0,0,1,0,0)}

I ′
2 = C{(0,1,0,0,0,0), (0,0,1,0,0,0)}

I ′′
2 = C{(0,0,0,0,1,0), (0,0,0,0,0,1)}

I3 = C{(0,0,0,1,0,0), (0,0,0,0,1,0), (0,0,0,0,0,1)}

I ′
3 = C{(1,0,0,0,0,0), (0,0,0,0,1,0), (0,0,0,0,0,1)}

I4 = C{(1,0,0,0,0,0), (0,0,0,1,0,0), (0,0,0,0,1,0), (0,0,0,0,0,1)}

I6 = C{(1,0,0,0,0,0), (0,1,0,0,0,0), (0,0,1,0,0,0)

(0,0,0,1,0,0), (0,0,0,0,1,0), (0,0,0,0,0,1)}

I1 = C(0,0,0,1,0,0)

I ′
1 = C(1,0,0,0,0,0)

I2 = C{(1,0,0,0,0,0), (0,0,0,1,0,0)}

I ′
2 = C{(0,1,0,0,0,0), (0,0,1,0,0,0)}

I ′′
2 = C{(0,0,0,0,1,0), (0,0,0,0,0,1)}

I3 = C{(0,0,0,1,0,0), (0,0,0,0,1,0), (0,0,0,0,0,1)}

I ′
3 = C{(1,0,0,0,0,0), (0,0,0,0,1,0), (0,0,0,0,0,1)}

I4 = C{(1,0,0,0,0,0), (0,0,0,1,0,0), (0,0,0,0,1,0), (0,0,0,0,0,1)}

I6 = C{(1,0,0,0,0,0), (0,1,0,0,0,0), (0,0,1,0,0,0),

(0,0,0,1,0,0), (0,0,0,0,1,0), (0,0,0,0,0,1)}

Z2
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S2 S+
3 S−

3 S4

S5 S++
6 S+−

6
S−+

6

S−−
6 S7 S8 S9

S10 S11 S12 S13

Steady planform without Z2
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Axial solutions

Steady Solutions

Trivial solution: (0,0,0,0,0,0) D6+̇T2

{R2π/3,c,cv,S1(θ,0), S1(0, θ)}

Pure mode (Rolls): (0,0,0,x,0,0),x∈R S1+Z3
2

{c, cv,Z2(π,0),S1(0, θ)} R{(0,0,0,1,0,0)}

σ2 + µ21x2 = 0

Pure mode (Hexagons): (0,0,0,x,x,x), x∈R D6+Z2
2

{R2π/3, c, cv,Z2(π,0),Z2(0, π)} R{(0,0,0,1,1,1)}

σ2 + δ2x + (µ21 + 2µ22)x
2 = 0

Steady Solutions

Trivial solution: (0,0,0,0,0,0) D6+̇T2

{R2π/3,c,cv,S1(θ,0), S1(0, θ)}

Pure mode (Rolls): (0,0,0,x,0,0),x∈R S1+Z3
2

{c, cv,Z2(π,0),S1(0, θ)} R{(0,0,0,1,0,0)}

σ2 + µ21x2 = 0

Pure mode (Hexagons): (0,0,0,x,x,x), x∈R D6+Z2
2

{R2π/3, c, cv,Z2(π,0),Z2(0, π)} R{(0,0,0,1,1,1)}

σ2 + δ2x + (µ21 + 2µ22)x
2 = 0

a

SR

40



Steady Solutions

Trivial solution: (0,0,0,0,0,0) D6+̇T2

{R2π/3,c,cv,S1(θ,0), S1(0, θ)}

Pure mode (Rolls): (0,0,0,x,0,0),x∈R S1+Z3
2

{c, cv,Z2(π,0),S1(0, θ)} R{(0,0,0,1,0,0)}

σ2 + µ21x2 = 0

Pure mode (Hexagons): (0,0,0,x,x,x), x∈R D6+Z2
2

{R2π/3, c, cv,Z2(π,0),Z2(0, π)} R{(0,0,0,1,1,1)}

σ2 + δ2x + (µ21 + 2µ22)x
2 = 0

cb

SH

up/down hexagons
41

Mixed mode (M-Rolls): (x,0,0,y,0,0), x, y∈R S1+Z2
2

{c, cv,S1(0, θ)} R{(1,0,0,0,0,0),(0,0,0,1,0,0)}

σ1 + β1y + κ11x2 + µ11y2 = 0,

σ2y + β2x2 + κ21x2y + µ21y3 = 0

Pure mode (Rectangles): (0,0,0,x,y,y), x "=y∈R Z4
2

{c, cv,Z2(π,0),Z2(0, π)} R{(0,0,0,1,0,0),(0,0,0,0,1,1)}

σ2x + δ2y2 + (µ21x2 + 2µ22y2)x = 0,

σ2 + δ2x + µ22x2 + (µ21 + µ22)y
2 = 0

d

MR

42

Mixed mode (M-Rolls): (x,0,0,y,0,0), x, y∈R S1+Z2
2

{c, cv,S1(0, θ)} R{(1,0,0,0,0,0),(0,0,0,1,0,0)}

σ1 + β1y + κ11x2 + µ11y2 = 0,

σ2y + β2x2 + κ21x2y + µ21y3 = 0

Pure mode (Rectangles): (0,0,0,x,y,y), x "=y∈R Z4
2

{c, cv,Z2(π,0),Z2(0, π)} R{(0,0,0,1,0,0),(0,0,0,0,1,1)}

σ2x + δ2y2 + (µ21x2 + 2µ22y2)x = 0,

σ2 + δ2x + µ22x2 + (µ21 + µ22)y
2 = 0

e

RA
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Mixed mode (M-Hexagons): (x,x,x,y,y,y), x,y∈R D6

{R2π/3, c, cv} R{(1,1,1,0,0,0),(0,0,0,1,1,1)}

σ1+β1y+δ1x+(κ11+2κ12)x
2+(µ11+2µ12+ν1)y

2+(2η1+ξ1)xy = 0,

σ2y+β2x2+δ2y2+(κ21+2κ22+2ξ2)x
2y+(µ21+2µ22)y

3+ν2x3 = 0
f g

h h

++ +−

−+ −−

MH

44



j

k

o

m

Pure mode (Triangles): (0,0,0,z,z,z), z∈C D3+Z2
2

{R2π/3, cv,Z2(π,0),Z2(0, π)} C{(0,0,0,1,1,1)}

Mixed mode (Rect.Rolls): (z,0,0,x,y,y), z,x "=y∈R Z3
2

{c, cv,Z2(0, π)} R{(1,0,0,0,0,0),(0,0,0,1,0,0)}

Mixed mode (M-Triangles): (x,x,x,y,y,y), x,y∈C D3

{R2π/3, cv} C{(1,1,1,0,0,0),(0,0,0,1,1,1)}

Mixed mode (M-Rectangles): (x,y,y,u,v,v), x "=y,u "=v∈R Z2
2

{c, cv} R{(1,0,0,0,0,0),(0,1,1,0,0,0)

R-RA
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, (0,0,0,0,1,1)}

, (0,0,0,1,0,0), (0,0,0,0,1,1)}

Large rolls: (x,0,0,0,0,0), x ∈ R.

Small rolls: (0,0,0, x,0,0), x ∈ R.

Large patchwork quilts: (0, x, x,0,0,0), x ∈ R.

Small patchwork quilts: (0,0,0,0, x, x), x ∈ R.

Small hexagons: (0,0,0, x, x, x), x ∈ R.

Small triangles: (0,0,0, ix, ix, ix), z ∈ R.

Rectangles: (0,0,0, x, y, y), x, y ∈ R.

Mixed rolls: (x,0,0, y,0,0), x, y ∈ R.

Roll-patchwork quilts: (x,0,0,0, y, y), x, y ∈ R.

Mixed hexagons: (x, x, x, y, y, y), x, y ∈ R.

Mixed triangles: (ix, ix, ix, iy, iy, iy), x, y ∈ R.

Roll-rectangles: (x,0,0, y, z, z), x, y, z ∈ R.

Axial solutions

Under Z2-symmetry

46

σ10 = r cosϕ, σ20 = r sinϕ

ż10 = σ10z10 + 2εz11z0−1 + 2εz20z−10 −
(

4ε2

σ(0)
+ 3

)
u10z10

−
(

4ε2

σ(0)
+

4ε2

σ(
√

3k∗)
+ 6

)
(u01z10 + u−1−1z10)−

(
2ε2

σ(0)
+

4ε2

σ(3k∗)
+ 6

)
u20z10

−
(

4ε2

σ(0)
+

4ε2

σ(
√

3k∗)
+

4ε2

σ(
√

7k∗)
+ 6

)
(u02z10 + u−2−2z10)

−
(

8ε2

σ(
√

3k∗)
+ 6

)
[z−10z0−2z22 + z20z01z−1−1 + (z11z01z0−2 + z22z0−1z−1−1)],

ż20 = σ20z20 + 2εz22z0−2 + εz2
10 −

(
4ε2

σ(0)
+

4ε2

σ(3k∗)
+ 6

)
u10z20

−
(

4ε2

σ(0)
+

4ε2

σ(
√

3k∗)
+

4ε2

σ(
√

7k∗)
+ 6

)
(u01z20 + u−1−1z20)

−
(

4ε2

σ(0)
+

2ε2

σ(4k∗)
+ 3

)
u20z20 −

(
4ε2

σ(0)
+

4ε2

σ(2
√

3k∗)
+ 6

)
(u02z20 + u−2−2z20)

−
(

8ε2

σ(
√

3k∗)
+ 6

)
z10z11z0−1 −

(
4ε2

σ(
√

3k∗)
+ 3

)
(z22z

2
0−1 + z0−2z

2
11).
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!1.0 !0.5 0.0 0.5 1.0

"!Π
ε = 0.1, r = 10−4

SR

R-RA

MH MH
MR MR

SH SH
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SH,MR,MH: stable

· · · + εu2



!1.0 !0.5 0.0 0.5 1.0
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ε = 0.1, r = 10−1

MH
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MHMR

SH
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!1.0 !0.5 0.0 0.5 1.0

"!Π
ε = 1, r = 10−4

MR MR

SR
R-RA

RA

SHSH

MH MH
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SH,MR,MH: stable

· · · + εu2

!1.0 !0.5 0.0 0.5 1.0

"!Π
ε = 1, r = 10−1

R-RA

R-RA

MH

MH

MH

MR

MR

MR

MR

SH

SH

SH

SH

SR
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!1.0 !0.5 0.0 0.5 1.0

"!Π !1.0 !0.5 0.0 0.5 1.0

"!Π

!1.0 !0.5 0.0 0.5 1.0

"!Π
!1.0 !0.5 0.0 0.5 1.0

"!Π

r = 10−4 10−1

ε = 1

ε = 0.1
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!1.0 !0.5 0.0 0.5 1.0

"!Π
ε = 0, r = 10−4, cubic

MH

MR SR
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!1.0 !0.5 0.0 0.5 1.0

"!Π
ε = 0, r = 10−1, cubic

MR

MH

SR
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!1.0 !0.5 0.0 0.5 1.0

"!Π
ε = 0, r = 10−1, quintic

SRMRLR

LPQ SPQ
SH/SRT

MRT

MH

MH/MRT MH/MRT
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Hot

Cold

Conducting, 
non-deformable

and flat

z = 0

z = d

z = d(1 + D−1)

“1”

“2”

Tb

Tt

Td

Physical Setup -- Two-layered RB Problem 

R1

k

800

1000

1200

1400

1600

1800

0 2 4 6 8 10

(ε1, ε2) = (0, 0) − (0, 0.5)

(0.1,0.1)

(0.2,0.2)

(0.3,0.3)

(0.4,0.4)(0.5,0.5)
0

2000

4000

6000

8000

10000

0 2 4 6 8 10

R

γ

0.1

0.2

=0.0ε

single-layer

two-layer

Proctor & Jones, J.Fluid Mech. 188 (1988) pp.301–355.
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1. Two-layered Rayleigh-Bénard problem

ρ
(j)
0

D"v∗j
Dt∗

= −∇∗p∗j − ρ
(j)
0 g[1 − α

(j)
1 (T ∗

j − Td) − α
(j)
2 (T ∗

j − Td)
2]ez + µj∆

∗"v∗j ,

DT ∗

j

Dt∗
= κj∆

∗T ∗

j , ∇∗ · "v∗j = 0, (j = 1, 2). (1.1)

ez: the unit vector upward in the z-direction,
g: the acceleration due to the gravity,
µ1, µ2: the viscous coefficients,
κ1, κ2: the thermal diffusivitpares,

ρ
(1)
0 , ρ

(2)
0 : the densities.

physical properties: evaluated at T ∗

1 = Td and T ∗

2 = Td.

57

2. Non-dimensionalization

t∗ =
d2

κ1
t, "v∗j =

κj

d
"vj , "x∗ = d"x,

p∗j = −dρ
(j)
0 g

∫ z

[1−α
(1)
1 D̃j(T

(j)−Td)(1−z)−α
(j)
2 D̃2

j (T
(j)−Td)

2(1−z)2]dz+ρ
(j)
0

κ2
j

d2
π1,

T ∗

j − Td = (T (j) − Td)D̃j [(1 − z) + θj(x, y, z; t)], (j = 1, 2) (2.1)

where we set D̃j = (−D)j−1, T (1) = Tb, and T (2) = Tt.

58

Assume κ1 = κ2 and T̄ = 1 − z. In the non-dimensional form:

P−1
j

D"vj

Dt
= −P−1

j ∇πj + RjKjθjez + RjKjεj(2T̄θj + θ2
j )ez + ∆"vj ,

Dθj

Dt
− wj = ∆θj , ∇ · "vj = 0, (j = 1, 2), "vj = (uj, vj , wj)

T (2.2)

where

Rj =
ρ
(j)
0 gα

(j)
1 (T (j) − Td)d3

D̃3
j µ1κ1

, Pj =
νj

κj
, Kj = D̃4

j , εj =
α

(j)
2 (T (j) − Td)D̃j

α
(j)
1

.

(2.3)

59

3. Boundary conditions

!v1 = !v2 = 0 at z = 0, 1, 1 + D−1, θ1 = θ2 = 0 at z = 0, 1 + D−1. (3.1)

On the dividing plate, the temperatures need to satisfy

T ∗

1 = T ∗

2 , κ1
dT ∗

1

dz∗
= κ2

dT ∗

2

dz∗
at z∗ = d, (3.2)

which yield

θ1 =
R2

R1

D4α
(1)
1 ν2κ2

α
(2)
1 ν1κ1

θ2 ≡ Gθ2,
dθ1

dz
= G

dθ2

dz
at z = 1. (3.3)
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R1

k
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(0.3,0.3)

(0.4,0.4)(0.5,0.5)

KF: Proc. R. Soc. A (2008) 464 133–153

61

z1

z2

z3

z4

z5

z6

ψ(x, y, z, t) =

z1(t)φ
(1)
1 (z)eikx + z2(t)φ

(1)
1 eik(−1

2x+
√

3
2 y)+ z3(t)φ

(1)
1 eik(−1

2x−
√

3
2 y)+ c.c.

+z4(t)φ
(1)
2 (z)e2ikx+z5(t)φ

(1)
2 e2ik(−1

2x+
√

3
2 y)+z6(t)φ

(1)
2 e2ik(−1

2x−
√

3
2 y)+c.c.
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A
(1)
10 → z1, A

(1)
01 → z2, A

(1)
−1−1 → z3,

A
(1)
20 → z4, A

(1)
02 → z5, A

(1)
−2−2 → z6.

ż1 = σ1z1 + δ1z̄2z̄3 + β1z̄1z4 + [κ11|z1|2 + κ12(|z2|2 + |z3|2)]z1
+[µ11|z4|2 + µ12(|z5|2 + |z6|2)]z1 + ν1z̄1z̄5z̄6 + ξ1z2z3z4
+η1(z̄2z3z̄6 + z2z̄3z̄5),

ż4 = σ2z4 + δ2z̄5z̄6 + β2z
2
1 + [κ21|z1|2 + κ22(|z2|2 + |z3|2)]z4

+[µ21|z4|2 + µ22(|z5|2 + |z6|2)]z4 + ν2z1z̄2z̄3 + ξ2(z̄
2
3z̄5 + z̄2

2z̄6)
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S2

S4S4

TW1 TW1

(a)

0 1 20.5 1.5

+ + −

−−−

−−−
−−−

− + +

− + +

+ + +

− + −

−− +

ϕ/π

S2

S−
3

S+
3

S4S4

S+−
6S−+

6
S−−

6S++
6

S8S8

S8

S11S11

S12 S12

S13

(b)

ϕ/π

0 1 2

TW2

TW1

0.5 1.5
++ −−++ −−

σ1 = ρ cos ϕ, σ2 = ρ sinϕ

ρ = 10−4

I2 = C{(1, 0, 0, 0, 0, 0), (0, 0, 0, 1, 0, 0)}

P1 = P2 = 7, ε1 = ε2 = 0.1
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S+
3
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3S−

3

S6 S6 S4S4
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(c)

ϕ/π
0. 1. 2.0.5 1.5

S2
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3
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3

S−+
6

S++
6

S+−
6

S−−
6

S4S4

TW1

TW2

(d)

ϕ/π
0. 1. 2.0.5 1.5

P1 = P2 = 7, ε1 = ε2 = 0.1

ρ = 10
−4

ρ = 10
−3

ρ = 10
−2

ρ = 10
−1
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!1.0 !0.5 0.0 0.5 1.0

"!Π

SR

R-RA

MH MH
MR MR

SH SH

MRMR

MH MH

SH SH

SR

R-RA

P1 = P2 = 7, ε1 = ε2 = 0.1
ρ = 10−4

P1 = 150.76, P2 = 7, ε1 = 0, ε2 = 0.1

ρ = 10
−4
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!1.0 !0.5 0.0 0.5 1.0

"!Π

R-RA

MH MH
MR MR

SH SH

MRMR

MH MH
SH SH

SR

R-RA

SR

Traveling Waves TW2
Traveling Waves TW2

zj(t) = rj(t) eiθj(t), j = 1, · · · , 6, Φ1 = θ1 + θ2 + θ3, Φ2 = θ4 + θ5 + θ6,

Θ1 = θ4 − 2θ1, Θ2 = θ5 − 2θ2, Θ3 = θ6 − 2θ3

We require r2 = r3, r5 = r6, Φ1, Φ2, Θ1, Θ2, Θ3 : const.

θ̇j ⇒ const. ⇒ θj(t) = θ̃jt + ϑj , (j = 1, · · · , 6) for const. θ̃j , ϑj .

Setting θ̃1/k = c and ξ = x − ct, we have

ψ̂ = r1φ1e
ikξ+iϑ1 + r2φ1e

ik(−ξ/2+
√

3y/2)+iϑ2 + r2φ1e
ik(−ξ/2−

√

3y/2)+iϑ3

+r4φ4e
2ikξ+i(ϑ1+Θ1) + r5φ4e

ik(−ξ+
√

3y)+i(2ϑ2+Θ2) + r5φ4e
ik(−ξ−

√

3y)+i(2ϑ3+Θ2)

+c.c. + higher order terms.

TW2 lie on the group orbit γz for γ = (θ̃1t,−θ̃1t/2) ∈ T2.
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Oscillatory Solution

Oscillatory Solution in C6

We require r1 = r2 = r3, r4 = r5 = r6, Θ1 = Θ2 = Θ3 = 0, and Φ1 = 0

⇒ θ̇j = 0

The equations governing the oscillatory solution OS: two-dimensional for r1, r4

ṙ1 = [σ1 +β1r4 + δ1r1 +(κ11 +2κ12)r
2
1 +(µ11 +2µ12 +ν1)r

2
4 +(2η1 + ξ1)r1r4]r1,

ṙ4 = σ2r4 + β2r
2
1 + δ2r

2
4 + (κ21 + 2κ22 + 2ξ2)r

2
1r4 + (µ21 + 2µ22)r

3
4 + ν2r

3
1.
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• Armbruster, Guckenheimer & Holmes, Physica 29D (1988) pp.257–282.

Proctor & Jones, J.Fluid Mech. 188 (1988) pp.301–355.

Porter & Knobloch, Physica 159D (2001) pp.125–154.

O(2) symmetric case under periodic boundary conditions.

ż1 = µ1z1 + αz̄1z2 + z1(d11|z1|2 + d12|Z2|2),

ż2 = µ2z2 + βz2
1 + z2(d21|z1|2 + d22|z2|2)

• Porter & Knobloch, Physica 201D (2005) pp.318–344.

Slightly broken symmetry: O(2) → SO(2)

ż1 = (µ1 + iεω1)z1 + αz̄1z2 + z1(d11|z1|2 + d12|Z2|2),

ż2 = (µ2 + iεω2)z2 + βz2
1 + z2(d21|z1|2 + d22|z2|2)

Structurally Stable Heteroclinic Cycles

due to 1:2 Resonance under O(2)

70

• Cox, Physica 95D (1996) pp.50–61.

A long-wave PDE model + amplitude equations under O(2)

∂θ

∂t
= −αθ − R − R0

R0

∂2θ

∂x2
− a

∂4θ

∂x4
+ b

∂

∂x

(
∂θ

∂x

)3

+ c
∂2

∂x2

(
∂θ

∂x

)2

• Mercader, Prat & Knobloch, Int.J.Bifurcation and Chaos 12 (2002) pp.2501–22.

Rayleigh-Bénard convection without midplane reflection symmetry.

• Nore, Moisy & Quartier, Phys.Fluids (2005) 17 064103.

von Kármán swirling flow, laboratory experiment

Structurally Stable Heteroclinic Cycles

due to 1:2 Resonance under O(2)
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Re z1

Re z1

Re z4

Re z4

Im z1

Im z1

P

P
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HC(I2)TW(I2)
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(10−4, δ2, δ3,10−3i, δ5, δ6), δi = 0

|z1|

|z4|

|z5|

|z6|

(a)

0 1 2t (×10−5)

|z1|

|z2|

|z3|

|z4|

|z5|

|z6|

(b)

0 3 6t (×10−5)

Breakdown of Nearly Heteroclinic cycles

I2 → I4

δn = O(10−24) δn = O(10−8)

P1 = 150.76, P2 = 7, ε1 = 0, ε2 = 0.1

I2 → I4 → C
6
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|z1|

|z2|

|z3|

|z4|

|z5|

|z6|
0 1t (×10−5)

|z1|

|z2|

|z3|

|z4|

|z5|

|z6|
0 1t (×10−5)

Nearly Heteroclinic Cycles in I 2 and I 4

δn = 0 δn = O(10−24)

I2 = C{(1, 0, 0, 0, 0, 0), (0, 0, 0, 1, 0, 0)}

P1 = 150.76, P2 = 7, ε1 = 0, ε2 = 0.1
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Chaos(C6) OS(C6)
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(10−4, δ2, δ3,10−3i, δ5, δ6), δi = O(10−8)
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 0

 0  0.5  1  1.5  2  2.5  3

k∗ 2k∗
σ

k

σ(k) = −(1− k2)2(4− k2)2
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1 : 2 steady mode interaction

u(x, y) = z10 eikx + z01 e
ik
2 (x+

√
3y) + z−1−1 e

ik
2 (x−

√
3y) + c.c.

+z20 e2ikx+z02 e
2ik
2 (x+

√
3y)+z−2−2 e

2ik
2 (x−

√
3y)+c.c.+· · ·

ż10 = σ10z10 + 2εz11z0−1 + 2εz20z−10 + O(3),

ż20 = σ20z20 + εz2
10 + 2εz22z0−2 + O(3).

Center manifold:

zjk = hjk = hjk(z10, z01, z−1−1, z20, z02, z−2−2, z̄10, z̄01, z̄−1−1, z̄20, z̄02, z̄22) -3
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Center-unstable manifold:

hjk = hjk(z10, z01, z−1−1, z−10, z0−1, z11, z20, z02, z−2−2,

z−20, z0−2, z22, z21, z12, z−11, z−2−1, z−1−2, z1−1)

1 : 2 :
√

3 steady-mode interaction

u(x, y) = z10 eikx + z01 e
ik
2 (x+

√
3y) + z−1−1 e

ik
2 (x−

√
3y) + c.c.

+z20 e2ikx + z02 e
2ik
2 (x+

√
3y) + z−2−2 e

2ik
2 (x−

√
3y) + c.c.

+z21 e
√

3ik
2 (

√
3x+y)+z−11 e

√
3ik
2 (−

√
3x+y)+z−1−2 e−

√
3iky+c.c.+· · ·

⇓

ż10 = σ1z10+2ε(z11z0−1+z20z−10+z21z−1−1+z1−1z01)+O(3),

ż20 = σ2z20 + 2ε(z2
10/2 + z22z0−2 + z21z0−1 + z1−1z11) + O(3),

ż21 = σ√3z21 + 2ε(z10z11 + z20z01 + z22z0−1 + z12z1−1) + O(3).
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1:
√

3 resonance · · · damped KS

Daumont, Kassner, Misbah & Valance: Phys.Rev.E 55 (1997) pp.6902–6906.
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