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Rayleigh-Bénard problem
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conduction state + disturbance

At the linear stage,
disturbance x etk-xoto(k,R)t, w2 = (z,y)

o(k, R) = 0: neutral curve
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e Background

— 1:2 resonant interaction under O(2)-symmetry

— Pattern formation on a hexagonal lattice

Recent Developments in Nonlinear PDE, FBIERIE a1 ¥ A

e 1:2 resonance on a hexagonal lattice

— modified Swift-Hohenberg equation

* Center manifold reduction

x Bifurcation diagrams

— Two-layered Rayleigh-Bénard problem
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x Bifurcation diagrams

* Nearly heteroclinic cycle
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Rayleigh-Bénard problem




1:2 Resonance under O(2) Symmetry

e Classification of Steady Solutions

1. Dangelmayr, G. 1986 Steady state mode interactions in presence of O(2)
symmetry. Dyn. Stab. Syst. 1, 159-185.

2. Buzano, E. & Russo, A. 1987 Bifurcation problems with O(2)®Z, symme-
try and the buckling of a cylindrical shell. Annuli di Matematica Pura ed
Applicata (1V) 146, 217-262.

Steady solutions
e 1 =0, ro # 0: pure mode

e 11 #0, rp %20, cos®© = +1: mixed mode

0 = o171 + B1rire + (K17f + Kord)ry,
0 = oorp + Bor? + (k377 + Kar3)r0.

e r1 #0, 10 #0, cos© # +1: traveling wave

0=o017r1 + B17r1r2 COS O + (nlr% + ngr%)rl,
0 =ooro+ ﬁzr% cos© + (537‘% + H4r%)r2,
0= ﬁ27’%7‘£1 + 2817rs.

0, — 207 = © £ nw
1= = 01 = B17r2siN® — 01 = (B1r2sin ©)t+01(0), s = 20, +0O
o =r161(2) 0T 4o 4 rppp(z) 2T IO e 4

oilka+01) eik(z—[7k715917'2 sin ©]t)
7

1:2 steady-state mode interaction

O(2)=S0O(2)xZp: x — z+Il(mod 27 /k), © — —x
Pz, t) = 21(t)p1(2) €% + cc. + 22(t)pa(2) €2 + cc+ - -

21 = 0121 + B1z122 + (k1u + Kov) 21,
ip = 0220 + 227 + (k3u + K4v) 23,

2 2
01,02,01,02, k1, k2, k3, k4 € R, u = [21|7, v = [20]".

z21(t) = r1(t) ei91(t)’ 25(t) = ro(t) eit2(t)

7"1 =oq1r1 —|— ﬁ17’17’2 cos©® + (1‘617"% + ﬁQT%)Tl,
7o = aorp + P17 C0S O + (k3r? + Kar3)ro,
e = —(,6’27’%7’2_1 + 2817r2)sin®, © = 05(t) — 201 (t).
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Oo2)®Zs: x — xz+1l(mod 2n/k), = — —x, z — —=2

21 = 0121 + (k1u + Kov)21 + x1Z120w + (A11u2 + Apouv + A1302) 21,
iy = 0020 + (K3u + Kav) 22 + x225w + (A21u? + Aopuv + Ap3v2) 20,

u = |z1\2, v = |22|2, w = E%Z2 + Z%ZQ.

Steady solutions:

z— —zlu—u,w— —w,0— —0

e |21 # 0, zp = 0: large rolls z

e 21 =0, zp # 0: small rolls

e 21 #0, zp # 0: mixed rolls

e 21 #0, 20 #0, © # nm: traveling wave
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Fig. 2.2. Plane, parallel ion rolls; A, the di i After Avsec k

(1939).

Roll vs. hexgons

Up(L)-hexagons vs.

Down(G)-hexagons G(@, 1) = 21 (D)1 (2) €FF 4 c.o. 4 20(D)bp(2) e2@HVE fc e

Fig. 2.5. S ic of the cil ion in a hexagonal ion cell in a fluid. After Avsec +z3(t)¢3(z) e%(z_ﬁy) + Cc.Cc. + cre .
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Pattern formation on a hexagonal lattice

21722’236(: _2 ] 'g,g
D¢ Ds Rzﬂ/3 o (21, 20,23) — (20, 23,21) -30 20 10 00 271 1
ov (21,22, 23) — (21,23, 22) AA

T2: (s,t) 2= (&2, e i GH 1, it st € [0,27)

Zy i (21,22,23) — (=21, —22,—23)



21 =0z + (uala1l? + pa(lz2l® + |231%)) 21 + 112175723 + vol22)?|23221

+(r1lz1|* + wo(l22]? + |23]2)]21]% + k3 (z2l* + |23]*)) 21

Rolls R: z1 # 0, 20 =23 =0; Hexagons H: 0 # z1 = 20 =23 € R

Patchwork Quilt PQ: z1 =0, 22 =23 # 0; Regular Triangles RT: 0 # 21 =20 =23 € iR
Rectangles RA: 0 # 21 # 20 =23 %20

KF & S.Yamada: Proc. R. Soc. A (2008) 464 2721-2739

H /RT

PQ

Cubic order approx. 13 Quintic order approx.

1:2 resonance on a hexagonal lattice
04 14 24 34 44

-13--03 1323 33 43
-22=1202 1222 3242
-31 -21 11 21 31 41

-40--30 -20 - 0203040

-4=1 =31 -2~1 - 1xV—2+1-3~41
-4=2 =32 -2=2 =12 02 1x2 2+2
-4-3 -3-3 -2-3 -1-3 0<3 1:3

-4+4 -3+4 -244 -1+4 074

Swift-Hohenberg equation:

37 = (R~ R)opu— (A +k)%u— f(u), flu) = u’

% =ru— (A+1)%u—u3 —¢Vul?

o = 5eikz—|—at :

o=r—(1-k*2400% = r=0+(1-k?)?

Neutral curve: ¢ =0 °

“O—JLIRY —> ERABINY =V DOFEE” ‘
IIEZ © TIEBERKR EWO AER, 9/257
YA TURH (2010.6) °

04 14 24 34 44

-13--03 13 23 33 43

-22 -12 02 12
-31 -21 A11
40 -30 -20 -
—4L1 -341 1201 -

-4=2 =32 -2=2 -1=2

-4-3 -3-3 -2-3 -1-3 03 1:3

-4+4 -3+4 -2/4 -1+4 074



-4=3-3-3 -2-3 -1=3 043 13

-4+4 -3£4 -2+-4 -144 074

-4-3 -3-3 -2-3 -1-3 03 143

-4+4 -344 -2+4 -144 0-4

-4=3 -3-3 -2=3 -1=3 043 13

-444 -3£4 -2/4 -1+4 074

-4-3 -3-3 -2-3 -1-3 03 1:3

-4+4 -3+4 -2/4 -1+4 074
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o(k) = o5 (1 —Kk2)? o(k) = —(1 — k2)2(4 - k2)2

21

Modified Swift-Hohenberg equation for 1:2 resonance under broken
Zy-symmetry:

9]
8—7: =ru—(A+1)2(A+ 4)%u+ eu? — 3

-4-3 -3-3 -2-3 -1-3 03 1:3

-4+4 -3+4 -2/4 -1+4 074

23 24



Center Manifold Reduction under Broken Z>-Symmetry

u(z,y) = 210 €™ + 201 €2CHVI) oy @2 VE) 4o
F20 2 450, B @V L o LB VI Lo

Z10 = 010210 + 2€21120-1 + 2€2202-10 + O(3),

201 = 001201 + 2€2112-10 + 2¢20220-1 + O(3),
Z.1-1=0_1-12_1-1+2ez_1020-1 + 2¢z_2 2211 + O(3),
2p0 = 020220 + €25 + 2€20020-2 + O(3),

02 = 002202 + 2€2202_20 + €23, + O(3),

0 0=0_p 22 2 2+ 2z _p020-2+ €22, 1+ O(3).

Center manifold:

zji = hji, = hjp(210, 201, 2-1-1, 220 202, 2-2-2, 210, 201, 2—1—1, 220, 202> 222)

25

. Ye=
210 = 010210 + 2€21120-1 + 2€2202-10 — (m + 3) U10210

7462 4e? 2¢? 4¢2
_ (O’(O) + o (V3k) + 6) (uo1210 + u-1-1210) — (a(O) + (35 + 6) U20210
4¢2 462 4¢2
_ 6 N
(0(0) + o(V/3k.) + o(VTky) + )(“02210 + u_2-2z10)
8e2
— (O(T;k*) + 6) [2-1020-2222 + 2202012-1-1 + (211201202 + 22020-12-1-1)],

. 4¢2 4¢2
220 = 020220 + 262222072 + 62%0 - (m + m + 6) U10220

4¢2 4¢2
B <o<o> T

(ot ot (22t ie) + )
o(0)  o(4ks) U20220 o(0) T o(2v3k) 02220 + U_2_2220

,(8762-1-6),2 211% 7<4762+3)(Z 22 + 2 ZQ)
0(\/§k*) 1021120-1 O'(\/gk*) 2220_1 0-2211)-

4¢2
) + VTR + 6) (uwo1220 + u—1-1220)

27

V31 ho1 = 71011210711 + 71220-122220-1 + 72001720201,
V31 hi_1=7100-121020-1 + 720-1-17207—-1-1 + 70-21120-2211,
VT hi_2 = 7100-2710%0-2,
3 h30 = 71020210220,
V71 h3a = 72210222210
V31 h12 = 71101211701 + 70210202210 + ¥22-10%227-10
V3 h_1_2=17_1-10-17-1-120-1F+7-2-2107-2-2210F+7-100-27-10%0-2
hoo = v10-10l2101% + 7010-112011% + 7-1-11112-1-1[ + ¥20-20/220|°
+ 2 2
7020—2|202[° +7-2-222|2-2-2|*,
4 hag = 7202073
: 200
2V3: haa = 72220222720,

2V3: ha_o = v200-222020-2 2¢

Vj1.g2.k1.k2 = :
Tjrge Tt Tkiko = Tjithijotks

VT h31 = 72011220211,

VT 1 ho_1 = 7200-1720%0-1- 2

* o(k) =7 — (1 -k?)%(4 - k?)?

The interaction point locates at (r«, k«) = (0, 1).
o(0) = —16, o(v/3) = —4, 0(V7) = —324, o(3) = —1600,

o(2V3) = —7744, o(4) = —32400.

28



06 16 26 36 46 56 66

-15-05 1525 35 45 55 65

3444 54

-24——1404 14

63

-33 -23 -13 23 33 43 53
—42 -32 -22 -12 3 52
5141 3121

-60-50 -40 -30 -

-6-5-5-5-4-~5-3-5-2-5-1-5 0<5 1+5

-6-6 -5°6 -4-6 -3°6 -2-6 -1-6 0-6
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At the quintic order approximation,

= G(ls)(z) + vév‘g’l’o’l'ou%zl

0,-1,0,-1,1,0 1,0,0,1,0,1
+(71,,2 + T2 )(ugzl + ngl)

1,0,2,0,2,0,
+'\/57'o

0,-2,0,-2,1,0/, 2 2
+7a (ugz1 + ugz1)

2
uZ 21

+(7§jii’1'°’1’° + ’Yglf'l'o’o’l)(uluzzl + uiuszz1)
_'_(V&g.o,l.o;,o +v§:g’1’o’2’0)u1uu1
+73::§’1'0‘1'0(u1u521 + uiuez1)
+737'g'0'1’71’71u2u321
+(7:i,;),1,0,0,1 +7g:1,170.2,0 L0020y gz + uznaz)

0,-2,0,-1,1,0 0,-2,1,0,0,1 1,0,0,1,0,2
’ B e N + 713 ) (u2usz1 + usuez1)

+(n 3 1,-1

2,2,0,-1,1,0 2,2,1,0,0,1 0,-1,1,0,—2,—2
+(31 + 33 +971 05 ) (uzuez1 + uzuszy)

1,0,2,0,0,2 0,—-2,-2,0,1,0 0,-2,1,0,2,0
+(732 +115% +73 3 ) (uausz1 + uauez1)
2,2,1,0,0,2 2,2,0,—2,1,0 0,-2,1,0,—2,-2
+(3a + 735 +210 Jusuezi

2,2,0,-2,10, = - —
+730 u12125%6

31

Amplitude equations under Z>-Symmetry
02=G6P(2)+05), =06 () +0(5)
GV (2) = o121 + [Bur + 6(up + u3)lz1 + [6us + 6(us + ug)]z1
+62125%6 + 6202324 + 6(2223%6 + 2223%5),
G (2) = 0024 + [6us 4 6(us + u3)]za + [Bug + 6(us + ue)lza

+6212%3 + 3(23%5 + #3%6).

up = |211?, up = [22/2, uz = |23/%, ug = |za]?, us = |z5|2, ug = |26/

30

0,-2,1,1,1,0 0,-2,1,0,0,1 - - -
+( 1 +71 )(u12223%5 + u12223%6)
10,0120 4 101,120 ; _1,001,-1,-1
+(31 T2 + %0 Ju1222324

0,1,0,1,-1,~1 0,-1,-1,-1,2,0
+(v2p s +7 5 )(u2222324 4 u3222324)

0,-1,0,-1,-1,~1 2,2,0,1,~1,~1 - = -
+(Ov s + 715 ) (u2z223%6 + u32273%5)

0-21,1.0-1 | 11,0101 , _0-20101 _ - —
+(n 3 +713 + 70 )(u22273%5 + u3Z223%6)
220,-20,-1 | 220,201 22-1001 |  0-20-1,-10, = = = oo
+(20 +7%1 +73 +7215 ) (u2Z125%6 + u3Z1z5%)

012020 , ~1,-12020
+(7,4 + 731 Juazoz3za

2,2,0,-2,-2,0 2,2,0,-2,2,0 2,2,-1,0,2,0 0,-2,-1,0,2,0
+(0o +70 +732 +72

0,—2,-2,0,0,1 1,1,0,1,2,0 0,-2,1,1,2,0 0,-2,0,1,2,0 = = = =
+(v75 + 730 +31 + 7 )(uaz2Z3%5 + uaZ223%6)

JusaZz1z5%6

0,-2,0,1,-1,—1 0,1,2,0,0,2 0,-2,0,1,2,0 0,-2,-1,-1,2,0
+(I1 5 + 723 +7%1 +13 )(usz22324 + uez22324)

0,-2,0,-2,1,1 0,-2,0,-2,0,1 - = - -
+(n 3 +7 3 )(usz2Z3%5 + u6Z223%6)

2,2,0,-2,1,1 2,2,0,-2,0,1 2,2,1,1,0,1 0,-2,1,1,-2,—2 0,-2,0,1,-2,-2 - - =
+(v31 + 751 +733 +921 75 +77575 ) (u62223%5 + us2223%6)

22,2,2,0-2 22,22-1,0 P P
6212526 5212526
(13322072 4 43222 719) (ugE 5555 + usi %)
1,1,1,1,0,-1 1,1,0,-1,-1,0 0,-1,0,-1,-1,0 1,1,0,-1,0,-1 1,1,1,1,-1,0y= =222
+(21 + %0 +1710% +7o1 + 715 )z17323
-1,0,-1,0,2,0 ~1,0,2,02,0y23 2
+(100 + 730 )ziz;

1,0,1,0,1,0_3
+730 212526

32



34 = G{3)(Z) + ("/71 ,0,-1,0,2,0 + ﬁd:g,l.o,zo)ufz‘t

0-1,1,01,0 ; _-2,01,0,1,0 1,1,1,0,10y.22 = =
+( + Y0 + 31 )27%2%3%a

0,-1,0,-1,2,0/, 2 2
V2,2 (U224 + ’LL3Z4)
2,0,2,02,0 2
0,-1,-1,02,0, ~10,-1020_ 11,0-1,-10_ 11,-1,02,0, 1,1,-1,0,-1,0 ~1,0-1,0 4 1,1,0-12,0y=25 = +, uzza
6,0
+(n 1 +%.0 +%0 +721 +v21 +72, +730 )Z{Z2732a L
o, 20 220 2,0,0,2,0,2y/, 2 2
2,0,2,0,-2,—2 2,0,0,2,-2,—2 ~1,0,2,0,2,0 2,0,2,0,0,2 —1,0,2,0,0,2 ~-1,0,2,0,-2,~2y= 2 =+ 5 ) (uEza + ugza
+(n05 + %0 + 730 + i + +2155 )z1252526 (2 Y24 )5 6%4)
~1,-1,02,0 0,-1,1,0,2,0 1,0,0,1,2,0
+(W§_§ 0.2 —2,0+7§.,%o,72,1,1+Wi§,72,04,1+722.,3A10,—2,0,—1+ 212,1,1 0,—1+79£g§2.0,0,71+wlo::§,1,Lo. VEaZaZaToTe +(’yl 1 +71 + 31 Y(uiuzza + uiuzza)
-1,0,2,02,0 1,02,0,2,0
1,1,0,-1,2,0 1,1,2,0,-2,-2 1,1,0,-1,0,2 1,1,02,-2,-2 0,-1,2,0,0,2 2,0,0,2,-2,~2 0,-1,0,2,-2,—2 ,0,2,0,2, »9,2,0, U1 ULZ,
+(3) +7on +71 +9210 + 721 +%0 +9255 77 +(30 + 750 Jurusza
0,-2,-1,0,2,0 0,-2,1,0,2,0 ~1,0,2,0,0,2 1,02,0,0,2
+10T30 T 4 71’1’0 BT 4?00 BT ze +(n +7 +7 + 732 )(urusza + uiueza)
0, 271020 o -2,0,1,0,1 0,—-2,0,1,2,0N /= - - - 0, 20—120 0,-2,0,1,2,0 0,-1,2,0,0,2 0,1,2,0,0,2
+(n - + %, +7"1 )(21252425 + 212324%) +(72 V2,1 + %24 + 7253 )(uzusza + uzueza)
22-2010 4 (0-10-110 2,0,-1,1,0y(, 225 = —o- = 1,1,0-1,2,0 1,1,0,1,2,0 0-1,-1,-1,2,0
+(3 +m +931 )(2123%4Z6 + 212374 %5) +(30 + 3% +1 5 Yuzuzza
1,1,0,-1,0,-1 0,-1,0,-1,0,2 1,1,0,-1,0,2 0 1,0,-1,0,-1y /=3 =, - =3 0,-1,2,0,2,0 0,1,2,0,2,0
+(n 2y + %% + 7% + 7% 3 )(Z37325 + 7273 26) +(va1 +21 ) (uousza 4 usuaza)
~1,1,0,1,0 1,0,1.0,-1,-1y/ 2=, 2 = 2,2,0,-1,2,0 2,2,0,1,2,0 o 1 2,0,—2,-2
+(971 +nr )(21222325 + z7207326) +(an +733 + 7, )(uousza + uzusza)
-1,0-1,-1,0 , _0,-1,0-120 | . 0,-1,0,-1,02 | _0-1,-1020 4 _0,-1,-10,02 | 012002 ; _-102,0072 o, 22020 2,0,200‘2
+('7 -2 +% +%.0 +7 +770 + 721 t 72 ) +(vs + 7. Y(ususza + uaueza)
= =2 = =2
x (21232425 + Z173 242 2,2,0,-2,2,0 22,2,0,0,2 0,-2,2,0,-2,~2 2 0,0,2,-2,-2
(B1752425 + 2175242) +(7s +23 +9077 +7 Yusugza
1,0, 2 0,-2,-2 1,0,0,1,0,1 1,0,0,1,2,0 2 2
+(n= + 7% + 731 ) (21252426 + z1252425) 1,1,0,-1,-1,0 1,1,1,0,1,0 0,-1,1,0,1,0 - -
Y +(0) + 31 )+ )u1212223
22,0,-1,1,0 0,-1,0-1,-1,0 0,-1,0,-1,1,0 —2- =2
+( +97 + 7 Y(u175%6 + u1257s)
3,1 2 1,-2
33 34
0,-2,1,1,0,-1 1,1, .0,—-1 11,1101 2= 2=
+(n5 + %) + 75 )(u273%5 + u3Z3Zs)
,1,0,-1,0,-1 0,-1,0,-1,1,0 = = —
+(’7i,’1 + ’71,,21 10 (uoz12273 + usz12273)
0,-1,0,-1,0,-1 2= 2=
+r0 3 (u273%6 + u3z32s)
1107120 111020 0,-1,1,0,2,0 s =
+(0s + F 3y uan zzs
“1,0-120 4 220120/, =25 . 0,-2,1,0,-1,-1 0,-2,0,1,-1,-1 1,00,1,-1,-1 - =
+(“/2,,2 +4 )(uaZ3%s + uaZ3zs) +70 3 +901% + %0 )z12223%5%6
2,2,0,-2,0,-1 2,2,0,-1,0,2 0,-2,0,-1,0,-1 0,-1,0,-1,0,2 =2= =2=
! 01 07102y (452276 + ue 737 2202011220201 22110714 2211-10 4 0201014 (0-20-L-10 4 110-1-10)z o o o o
+(’Y 1 +"/2,3 +70, a +70,0 )(us 2 6 + us 3 5) ( 3 +"/2 + +'Y + + 08 + )2122Z32526
0,-2,0,-2,1,1 1,1,1,1,0.2 2= 32z
O3 ) (us3%s + w5 %) 0, 21120 0 2 1,0,2,0 0,-2,0,1,2,0 1,1,-1,02,0 1,1,0120\(5 . = . = 1 = = =
otiomt  Ooiitn 020110 1107102 | 111002 +(v3” + +"/2,,1’ Tty T e )(z1zzz3z4z5+z1zgz3z426)
+n% +7o1 +m3 +m +%23 ) (us2122%3 + u621%2%3) 4 (4021010 4 |0-21001 4 (0-20101 4 (101001 L 1100101y 2 22 4 )
—2,0,1,0,1,0 101,010y 4z V2, T1,-1 Yo,0 V2,1 Y12 212375 T 212326
+(o + 150 )AE 0,-1,0,-1,1,0 0,-1,0,-1,0,2 0,-1,1,0,1,0y(,252 2-2
o ,~1,0,-1,1, ,~1,0,-1,0, ~11010yc 222 4 22
O 4 50502 4 ) ORGP g OO O G + 1)
1,1,1,02,0 1,1,0,1,2,0 1,1,2,0,-2,-2 1,0,0,1,2,0 1,0,2,0,-2,-2 = -
+(7§§ 220-2 4 75:3,22,—2‘0 + 75:2’;)‘72‘0‘72 + 75:3,0.—2,—2.0 4405207272 O)ZAZ516 +("/4,1 + 7. 32 + -y + V31 + oty )(2122732426 + 21Z2232425)
22.220,-2 2222-1,-1 22,0,-2,-1,-1 2.2.71,71.71,71 0-2,-1,-1,-1,-1y, 2= =2 2-2- -1,0,2,0,2,0 0,1,2,0,2,0 ~1,-1,2,0,2,0y=
(722 +733 +707 + %, + v ) (237525 + 23%5%6) +("/310 + Va1 + V3,-1 )Z1222324
1,0,1,0,2,0 1,0.2,0,0.2 1.0, 2 0,-2,-2 ,2-0-012*2 —2 1, 0 1,0,1,0 1,0,1,0,0,1 1,0,1,0,-1,~1 1,0,0,1,-1,-1
+oio +sa . o )rizazss +(; +0 +7y + %0 V232023
2,2,0,-2,-2,0 2,2,0,-2,1,0 2,2,-2,0,1,0 2,2,1,0,1,0 0,-2,-2,0,1,0 0,-2,1,0,1,0 72‘0,1,0,1.0
+(0% +730% +75 +745 +7 + + )23 ZaZs%6
2,2,0,-2,2,0 2,2,-1,0,2,0 0,-2,-1,0,2,0 -1,0,-1,0,2,0\ =
+(a; +135% +72 + Y0 )21242526

2,2,0,-2,1,0 2,2,0,-2,0.1 2,2,0,-2,-1,-1 2,2,1,0,0,1 2210,-1.-1 2,2,01,-1,-1 0,-2,1,0,0,1
+(3% + 734 +70y +133 + 734 + +
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Invariant subspaces Invariant subspaces
in the absence of 75 in the presence of 75

I; = C(0,0,0,1,0,0)
I; = C(0,0,0,1,0,0) I, = C(1,0,0,0,0,0)

I, = C{(1,0,0,0,0,0),(0,0,0,1,0,0
I = C{(1,0,0,0,0,0),(0,0,0,1,0,0)} 2=¢l( ) )
I = €{(0,1,0,0,0,0), (0,0, 1,0,0,0)}

I3 = C{(0,0,0,1,0,0),(0,0,0,0,1,0),(0,0,0,0,0,1
3 = ) ) ) 14§ = €{(0,0,0,0,1,0),(0,0,0,0,0,1)}
I, = C{(1,0,0,0,0,0),(0,0,0,1,0,0),(0,0,0,0,1,0),(0,0,0,0,0,1) } Iz = C{(0,0,0,1,0,0),(0,0,0,0,1,0),(0,0,0,0,0,1)}
14 = €{(1,0,0,0,0,0), (0,0,0,0,1,0),(0,0,0,0,0, 1)}
I = C{(1,0,0,0,0,0), (0,1,0,0,0,0), (0,0, 1,0,0,0),

(070’07 17070)7(07070707 1,0)7(07070,0707 1)} I4=C{(170’070’07O)7(O’070’17050),(07050,0’170)7(0’070’0707 1)}
Is = €{(1,0,0,0,0,0), (0, 1,0,0,0,0), (0,0, 1,0,0,0),

(0,0,0,1,0,0),(0,0,0,0,1,0),(0,0,0,0,0,1)}
37 38

Steady planform without Z» Steady Solutions
Axial solutions

Trivial solution: (0,0,0,0,0,0) Dg4+T2
{Ror/3.¢,00,51(6,0), S1(0,0)}

Pure mode (Rolls): (0,0,0,z,0,0),z€R S14Z3 SR
{c,cv, Zo(r,0),51(0,6)} R{(0,0,0,1,0,0)}

o2+ p12% =0

a
40
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Pure mode (Hexagons): (0,0,0,z,z,2), 2€R Dg+Z3 Mixed mode (M-Rolls): (z,0,0,y,0,0), z,yeR S1+273

{Ror/3,¢,¢0,Z2(m,0),Z2(0,m)} R{(0,0,0,1,1,1)} SH {c,ey,5%(0,0)} R{(1,0,0,0,0,0),(0,0,0,1,0,0)} MR
oo+ dox 4+ (uo1 + 2/122):172 =0 o1+ By + K,]_]_CE2 + Nlly2 =0,
o2y + Boa? + ko122 + pin1y® =0
up/down hexagons
41 42
Mixed mode (M-Hexagons): (z,z,z,9,9,y), =,yER Dg MH

Pure mode (Rectangles): (0,0,0,z,y,v), v7yeR Z‘21 RA {R27r/3,c,cv} R{(1,1,1,0,0,0),(0,0,0,1,1,1)}
{c, Cv,ZQ(Tr,O),ZQ(O,Tr)} R{(0,0,0,l,0,0),(0,0,0,0,1,1)}
5 5 5 o1+ B1y+o12+ (k11 +2k12) 22+ (p11+2p12+v1)y%+ (201 +E€1)zy = 0,
oox + 8oy” + (u212* + 2u02y“)x = 0,

5 5 o0y + Boa? +82y? + (ko1 +2k00 +262) 22y + (p1 +2p22)y> + 0z = 0
o2 + 6oz + poox® + (uo1 + po2)y” =0 ‘

e
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Pure mode (Triangles): (0,0,0,2,2,z), 2€C D3+Z3
{RQﬂ./g,,cv,22(71',0),22(0,77)} C{(0,0,0,1,1,1)}

Mixed mode (Rect.Rolls): (z,0,0,z,y,y), z,z#yER Z3
{c, cy, 22(0,71')} ]R{(l,O,O,O,O,O),(0,0,0,1,0,0)7 (0,0,0,0,1,1)}
R-RA

Mixed mode (M-Triangles): (z,z,z,y,y,y), z,y€C D3
{Rgﬂ./g,,cv} c{(1,1,1,0,0,0),(0,0,0,1,1,1)}

Mixed mode (M-Rectangles): (z,y,y,u,0,v), t#y,u#vER Z3
{c,ev} R{(1,0,0,0,0,0),(0,1,1,0,0,0)
7(0707 0717070)7 (07070707 17 1)}

45

. fe-
Z10 10 + 2ez1120-1 + 2€2202-10 — (m + 3) 10210

4¢2 42 2¢2 4¢2
_<o(0) + = o (V3k) + 6) (uo1210 + ©-1-1210) — <ﬁ + ETS) + 6>u20210

( 42 42 42

o + T + o (VTED + 6) (u02z10 + u-2-2210)

8e
[z-1020-2222 + z202012-1-1 + (211201202 + 22220-12-1-1)],
(0(\/_k*) >

. > 4¢2 42
220 = 020820 + 2€22220-2 + €279 — 2(0) + o (3k) + 6 |u10220

4¢2 462 462
_(W + a(\/_k*) t o

) + 6) (uo1220 + u—1-1220)

4¢? 4¢?

<a(0) U(4k* + 3) U20220 — <m + m + 6) (u02220 + u_2_2220)
(v

8¢e? 462
)zlozllzo—l - <7 + 3> (20028_1 + 20-22%1).

(V3k) o(V3k.)

010 =1 COSp, o0pg =r SiNp

47

Under Zo-symmetry

Large rolls: (x,0,0,0,0,0), = € R.

Small rolls: (0,0,0,z,0,0), = € R.

Large patchwork quilts: (0,z,z,0,0,0), z € R.

Small patchwork quilts: (0,0,0,0,z,z), = € R.

Small hexagons: (0,0,0,z,z,z), = € R.

Small triangles: (0,0,0,ix,iz,iz), z € R.

Axial solutions

Rectangles: (0,0,0,z,y,v), =,y € R.
Mixed rolls: (z,0,0,y,0,0), z,y € R.

Roll-patchwork quilts: (z,0,0,0,v,y), =,y € R.

Mixed hexagons: (z,z,z,y,y,y), =,y € R.

Mixed triangles: (iz,iz,iz,iy,iy,iy), =,y € R.

Roll-rectangles: (z,0,0,v,2,2), x,y,z € R.
46

SH,MR,MH: stable

MH MH

-1.0 -0.5 0.0 0.5

(s

e=01, r=10"

SR

1.0



SH MR, MH: stable




L . . . . 1 . . . . . . . . 1 . . . . L . . . . I . . . . . . . . . . . .
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

¢/ olr
e=0, r=10"4, cubic, e=0, r=10"1, cubic,

Physical Setup -- Two-layered RB Problem

Proctor & Jones, J.Fluid Mech. 188 (1988) pp.301—-355.

T, z=d(1+ D!
Cold < )
“2”
z=d
Ty
“I”
Hot
10000 Tb
A SRR SR R two-layer =3
~1.0 05 0.0 . . L .
. S.O/ﬂ- 2000 " (-Single-'(]yer‘
e=0, r=10"1, quintic
55
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1. Two-layered Rayleigh-Bénard problem

» D ,
Djj]?k * ok * ok .
Die =R AT, V07 =0, (j=1,2). (1.1)

e,: the unit vector upward in the z-direction,
g: the acceleration due to the gravity,

141, po: the viscous coefficients,

K1, ko: the thermal diffusivitpares,

p(()l), p(()Q): the densities.

physical properties: evaluated at 7} = T, and T35 = Tjy.

57

Assume k1 = k9 and T'=1 — z. In the non-dimensional form:

D7
P2 ”ﬂ = —P7'Vr; + R;Kj0;e. +@ K;e;(2T0; + 07 )e)+ A,

Do,

Dy Wi = Ab;, V-9, =0, (j=1,2), = (uj,v;, w;)" (2.2)
where
o 9ol (16) — Ty)d? v, 1 (a0 — T BN
Rj: =3 B Pj: B Kj:Dj, € = ) .
Dj/Jfll"il Kj 011]
(2.3)

59

2. Non-dimensionalization
d? Kj_

t* — 7t7 1—}'; _
K1 d

vy =—dpig / 1-a{" Dy (T ~Ty)(1-2)~af) DITO ~Ty)?(1-2))dz+ ) L ,

—»*

U, = di,

0 72 571,
T; — Ty = (TY) = Ty)D;[(1 — 2) + 0;(x,y, %)), (G=1,2) (2.1)
where we set D; = (—D)I~', T =T, and T?) = T;.
58
3. Boundary conditions
T =0=0at 2=01,1+D7" 6, =0,=0 at 2=0,1+D"". (3.1)
On the dividing plate, the temperatures need to satisfy
dTy Ty
Tr =15, k1 di —Hgdzi at 2" =d, (3.2)
which yield
Ry D*al! a9 o
6 = 2% = Gos, —17G—2 at z=1. (3.3)
R1 o V1K dz
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KF: Proc. R. Soc. A (2008) 464 133—-153

6l

4 = 0121 + 01273 + @31_)5124 + [f<11|21|2 + r12(|22f? + |23 21
| zal? + ol 25| + |26 )21 + v1212526 + E1222324
+m (222326 + 2223%5),

24

Gy = 024 + 02255 + Bozt + [kon| 21| + kool 2o + |23

+[po1 \54\2 + 129(] 25 24 |ZG|3)}Z4 + 9212923 + 53(4;4

63

,l/}(x7 y’ Z7 t) =
109§D () 2303 42y 35) 4o
+24(0065) ()02 425 (1) 6P 2R3 4o (16D 23750 o

62

(a)

I, = C{(1,0,0,0,0,0),(0,0,0,1,0,0)} 0] = PCOSY, 09 = psin

P1:P2:7, 6126220.1 i
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P1 = 150476, P2 = 7, €1 = 07 €9 = 0.1
p=10"1

wl/m

P1:P2:7, 61262:0.1

66

TraveliRG WS TW?2

2i(t) = r;(t) %D,

j=1,---,6, @1 =01+ 0,405, Py =04+ 05+ 0,

6, =

We require ry =13, 7
0; = const. = 6;(t) ;
Setting 6, /k = ¢ and

b=yt

+,r4 ¢462ik§+i(191 +61)

£ O — 203

ronst.

onst. 6, 9;.

b (—E/2—VBu/2) i

X ¢4 eik(*{*\/gy)+i(2193+@2)

TW, lie on the group

+c.c. 4+ higher order terms.
orbit yz for v = (61t, —6,t/2) € T2.
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Structurally Stable Heteroclinic Cycles
due to 1:2 Resonance under O(2)

Oscillatory Solution

Oscillatory Solution in C°
e Armbruster, Guckenheimer & Holmes, Physica 29D (1988) pp.257-282.

We require ry =1, = 1= 0. and @1 =0 Proctor & Jones, J.Fluid Mech. 188 (1988) pp.301-355.
Porter & Knobloch, Physica 159D (2001) pp.125-154.
0(2) symmetric case under periodic boundary conditions.
The equations governi o-dimensional for 71,74 4= ma +aziz + a(dolz? + dio] 207,
S 2 2 2
1= [0+ Bira+ 61 V1)1 + (2014 &0)rara]r, b = a2y + 2+ 2p(daifan ] + dzlal)
e Porter & Knobloch, Physica 201D (2005) pp.318-344.
P4 = 0914 + Bor? + § + 2 34 vord.
! 274 + oy (at + 2uan)ra + v2my Slightly broken symmetry: O(2) — SO(2)

21 = (1 +iewr)z1 + azize + z1(du |z ? + dio| Zo|?),

By = (g + dewn) 2y + B2 + 25(dar| 21| + dag|2a]?)

69 70

328 M. R. E. Proctor and C. A. Jones

Structurally Stable Heteroclinic Cycles WA /\ /\ /\
due to 1:2 Resonance under O(2) A

MW Het Cycles
" @)

e Cox, Physica 95D (1996) pp.50-61.
A long-wave PDE model + amplitude equations under O(2)

Fiaurk 9. The approach to the homoclinic orbit, p and o rs. time under system (5.1) with o/m
aymay=1,b,=b,=0, g = —08, g, = 1.0,

<D

B _ g BR-Re0 aﬁwﬂ(@f ﬁ(%)Q
ot @ R 02 “out " Vor\oz) T 0s2\or

e Mercader, Prat & Knobloch, Int.J.Bifurcation and Chaos 12 (2002) pp.2501-22.

Rayleigh-Bénard convection without midplane reflection symmetry.

o Nore, Moisy & Quartier, Phys.Fluids (2005) 17 064103.

von Kdrman swirling flow, laboratory experiment (a) (b)
Fig. 19. (a) The structurally and asymptotically stable AGH cycle in the (a1, z, y) variables for 0 = —1, di; = —04,

di2 = 1.6, d21 = —6, d22 = —0.5 when |u| = 0.05 and a = 2.8, where p1 = |u|cos @, pz = |p|sin a. (b) The corresponding
bifurcation diagram with o as the bifurcation parameter. After Porter and Knobloch [2001].
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Breakdown of Nearly Heteroclinic cycles
P1 = 15076, PQ = 7, €] = 0, € = 0.1

<l L

B

Z.
| 4| ul ‘ * ‘ |23|

B ﬂ ﬂ ﬂ ﬂ ﬂ ﬂ ﬂ =0 lIIIIIIIIImLMmmm T
2| L
= [
) Ut (x109) - ﬁLMMWMM@WWﬂW%
I, — 1, [2—>I4—>CG
5, = O(10724) b = O(107%)

75

(10_47 02,03, 10_37:755756)7 0; =0

C(Iy)

12 2

74

Nearly Heteroclinic Cycles inI,>and I 4

I, = C{(1,0,0,0,0,0),(0,0,0,1,0,0)}  (10~%, 85,43, 10737, ds, 5g)

SRV N ¥ W W

B |2
‘ ‘

23] | Ll ‘ ‘
oy W VY
24 | s AN

|26] |26] k\\ U \ \
0 t (x1075) 1 t (x1079)

9, =0 6n = O(1072)
P1 :150.76, P2:7, €1 =0, 62:0.1
76




\.MML DL Jﬂ 0
ML Lyl LL.MM TTOINTATAIT,
U 'U

HC(I5), HC(I4), and OS(C®)

79

(104,65, 63,1034, 65,8¢), 6; = O(10—24)

=l T AR
S
2l ; i mmmm\u m i L an

x1073

Chaos((CG) 0S(C%)



(10_47 521 537 10_3i1 557 66)7 61 - 0(10_8)

-

h_

Chaos(C°) 0S(C%)

8l

1 : 2 steady mode interaction

) ik ik
u(z,y) = z10 etz + 201 e§(z+\/§y) +2z_1.1 67(1_‘/@) + c.c.

. 2ik 2ik
+200 eszw+ZO2 eT(x‘f‘\/gy) 4209 eT(xi\/gy) “+cc.4---

210 = 010210 + 2€21120-1 + 2e2202_10 + O(3),

40 = 020200 + €230 + 2e20020-2 + O(3).

Center manifold:

zjk = hjr = hjr(210, 201, 2-1-1, 220, 202, 2-2-2, 210, 201, Z—1—1, 220, 202 222)

83

o(k) = —(1 — k2)2(4 — k2)?

I
25

82

9 212
k)= — —(1—k
o(k) 5 ( )
0.5 F Qk*
’ X
05 F \/§k*
1 he =2
5
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1:2:+/3 steady-mode interaction

w = —au — Au— A?u + (Vu)?
oc=3/44+q¢*—¢*

u(z,y) = 210" + 201 % (@+v3y) + 211 e7(@—V3y) + cc.

) 2ik 2ik
+200 g2ikx + 200 eT(I‘F\/gy) +2_9_9 eT(mi\/gy) + c.c.

+201 e@”“(\/gw-l—:u)-l—z_n e\/glk(*\/g$+1”)+z_1—2 e V3ltect.
I
210 = 01210 +2€(21120-1+ 220210+ 2212 11+ 21-1201) + O(3),
420 = 02200 + 26(220/2 + 220202 + 221201 + 21-1711) + O(3),

221 = 0 s3221 + 2€(210211 + 220201 + 222201 + 21221-1) + O(3).

Center-unstable manifold:

0.8 1 12 1.4

V3/v2

0.2 0.4 0.6
hjr = hji(210, 201, 2=1-1, 210, 20— 1, #2115 220, 2025 Z—2—2;

1/V2

2—205”0—2,722; 221,712, %2-11,2-2-1;7—1-2; 21,1)
1:4/3 resonance ... damped KS 9=
Daumont, Kassner, Misbah & Valance: Phys.Rev.E 55 (1997) pp.6902—6906.
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