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def. (X, τ ) : self-similar

i) ∃metric d s.t. τ = τd

ii) ∃{fj : (X, τd) → (X, τd), contraction,

j ∈ m(= {1, · · · , m})}
s.t.

⋃

j∈m

fj(X) = X



Proposition ∃self-similar (Y, τ ′) s.t. (Y, τ ′) ' (X, τ )

=⇒ (X, τ ) : self-similar

proof) ∃ metric d on Y s.t. τ ′ = τd

pj : (Y, τd) → (Y, τd), j = 1, · · · , m

d(pj(y), pj(y
′)) ≤ αj(η)d(y, y′), d(y, y′) < η, 0 ≤ αj(η) < 1

∪jpj(Y ) = Y , h : (Y, τd) ' (X, τ ),

ρ(x, x′) = d(h−1(x), h−1(x′)), x, x′ ∈ X,

τ = τρ

qj = h ◦ pj ◦ h−1 : (X, τρ) → (X, τρ)

(topologically conjugate to pj)

ρ(qj(x), qj(x
′)) = d(h−1(qj(x)), h−1(qj(x

′)))
= d(pj(h

−1(x)), pj(h
−1(x′))) ≤ αj(η)d(h−1(x), h−1(x′))

= αj(η)ρ(x, x′), ρ(x, x′) < η

∪jqj(X) = ∪jqj(h(Y )) = h(∪jpj(Y )) = h(Y ) = X ¤

pj
Y −→ Y

h ↓ ↓ h

X −→ X
qj



Coarse graining

Z −→ quotient space Z/∼ of Z

↑
equivalence relation ∼

(Ariel Fernández, J. Phys. A: Math. Gen. 21 (1988)

L295.)
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quotient space of quotient space of

S D1 D2

位相的性質を保存するような粗視化列

S ' D1 ' D2 ' · · ·
' : homeomorphic (同相)



S : 0-dim, perfect, compact metric space

⇒∃sequence of quotient spaces

{S, D1, D2, · · · }

s.t. S ' D1 ' D2 ' · · ·



(X, τ ) : 0-dim = ∀x ∈ X, ∀U(x) ∈ τ

∃u(x) ∈ τ ∩ = s.t. u(x) ⊂ U(x)

(X, τ ) : perfect = ∀x ∈ X, {x} 6∈ τ

def

def



(X, τd) : 0-dim, perfect, compact metric space

⇒ (X, τd) ' CMTS (self-similar)

(X, τρ) : self-similar (τd = τρ)

self-similarとならないような0-dim, perfect,

compactなmetric spaceは存在しない.



S : self-similar space

⇒ D1, D2, · · · are all self-similar.



A hierarchic structure of self-similar spaces

S : perfect, 0-dim, compact space

∪jfj(S) = S ({fj}－ self-similar)

D1 : decomposition space of S

S ' D1, f1
j = h1 ◦ fj ◦ (h1)−1

h1

∪jf
1
j (D1) = D1 ({f1

j }－ self-similar)

D2 : decomposition space of D1

D1 ' D2, f2
j = h2 ◦ f1

j ◦ (h2)−1

h2
= (h2 ◦ h1) ◦ fj ◦ (h2 ◦ h1)−1

∪jf
2
j (D2) = D2 ({f2

j }－ self-similar)

�

f j
1

h1

D 1

D 2

�

D 1

D 2

h1

f j
2

f j

h2 h2

h3 h3

D 3 D 3
f j

3

h h



(X, τd) : compact, fj : X → X, j = 1, · · · m,

d(fj(x), fj(x
′)) ≤ αj(η)d(x, x′), d(x, x′) < η, 0 < αj(η) < 1,

i) Each fj is one to one, infη>0 αj(η) > 0,

ii) ∪j{x ∈ X ; x = fj(x)} is not a singleton,

iii)
∑

j infη>0 αj(η) < 1.

=⇒∃perfect, 0-dim, compact (S, τdS) s.t. ∪jfj(S) = S (self-similar)
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µx(1 − x), µ > 4



partition D of (X, τ ) given

x ∼ x′ = ∃D ∈ D s.t. x, x′ ∈ D
def

p : (X, τ ) → X/∼, x 7→ C(x) = {x′ ∈ X ; x ∼ x′}
τp = {A ⊂ X/∼ ; p−1(A) ∈ τ}
τ (D) = {U ⊂ D ;

⋃ U ∈ τ}

(X/∼, τp) = (D, τ (D))

ex. f : (X, τ ) → Y , onto, Df = {f−1(y) ⊂ X ; y ∈ Y }

�
�’
�’’

x
x’

X

ex. U = {D, D′, D′′}⋃ U = D ∪ D′ ∪ D′′ ∈ τ



A) (Z, τ ) : perfect, 0-dim, T0 space

∀n ≥ 2, ∃Z1, · · · , Zn ∈ τ ∩ = − {φ}
s.t. Zi ∩ Zi′ = φ, i 6= i′, ∪i Zi = Z

∀n ≥ 2, ∃Zi1, · · · , Zin
∈ τ ∩ = − {φ}

s.t. Zij
∩ Zij′ = φ, j 6= j′, ∪j Zij

= Zi

・
・
・

(Zi, τZi
), (Zij

, τZij
), · · · : perfect, 0-dim, T0 spaces



(S, τ ) : perfect, 0-dim, T0 space

From A),
∃S1, · · · , Sn ∈ τ ∩ = − {φ} s.t. Si ∩ Si0 = φ, i 6= i′, ∪i Si = S

q2, · · · , qn ∈ S1

f(x) = x for x ∈ S1

f(x) = q2 for x ∈ S2
・
・
・

f(x) = qn for x ∈ Sn

f : (S, τ ) → (S1, τS1
),

continuous, closed, onto, not one to one

n = 3
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f : (S, τ ) → (S1, τS1),

continuous, closed, onto, not one to one

decomposition space (Df , τ (Df)) of (S, τ )

Df = {f−1(x) ⊂ S ; x ∈ S1} 6= {{x} ⊂ S ; x ∈ S},

τ (Df) = {U ⊂ Df ; ∪ U = ∪D∈UD ∈ τ}

h : (S1, τS1) ' (Df , τ (Df)), x 7−→ f−1(x)

(Df , τ (Df)) : 0-dim, perfect.



Sorgenfrey line (R1, τ )

base for τ ; { [a, b) ; a < b}

R1
a b

1st countable, separable T2,

not metrizable, normal space



(S, τ ) = (S, τd) : 0-dim, perfect, compact

(Df , τ (Df)) ' (S1, τdS1
) ' CMTS

(S, τd) ' CMTS

∴(S, τd) ' (Df , τ (Df))



S = CMTS f : S → S1, continuous, onto, closed,
not one to one.

f

x

x q

q0

0 1/3

1/3 2/3 1

S1

S1 S2

f

S1 = CMTS
⋂

[0, 1/3], S2 = CMTS
⋂

[2/3, 1]

Df = {f−1(x) ⊂ CMTS ; x ∈ S1} = {{x} for x ∈ S1−{q}, {q} ⋃
S2}

h : (S1, τd) ' (Df , τ (Df)), x 7→ f−1(x)

ex. y = {x}, y′ = {q} ⋃
S2, ρ : metric on Df , τ (Df) = τρ

ρ(y, y′) = d(h−1(y), h−1(y′)) = d(x, q)



S : compact, self-similar metric space

∀p, q ∈ m = {1, · · · , m}, ∃j1, · · · , jn ∈ m s.t.

{fp(S), fj1(S), · · · , fjn(S), fq(S)} is a finite chain

i.e.

fp(S) fj (S)1
fj (S)n

fq (S)

=⇒ S : connected, locally connected.

i.e. ∃f : [0, 1] → S, continuous, onto

from Hahn-Mazurkiewicz.



(X, τ ) : compact, (Y, τ ′) : T2

f : X → Y , continuous, onto

=⇒ (Y, τ ′) ' (Df , τ (Df)), y 7→ f−1(y)

where Df = {f−1(y) ⊂ X ; y ∈ Y },

τ (Df) = {U ⊂ Df ;
⋃ U ∈ τ}

———————————————————–

(X, τ ) : 0-dim, perfect, compact T1 space

(Y, τd) : compact metric space

=⇒ ∃f : X → Y , continuous, onto



embryo Structures of materials
(ex. dendrite)

�

D 1

D 2

δ

embryo at each step dendrite at each step

coarse graining

δ

δ

δ

�

D 1

D 2

})({ 1 δδδδ∈∈∈∈⊂⊂⊂⊂==== −−−− xSxf ����

dendrite
})({ 1 δδδδ∈∈∈∈⊂⊂⊂⊂==== −−−− xxp ����

����D

})({ 21 δδδδ∈∈∈∈⊂⊂⊂⊂==== −−−− xxq ����D

p

f

q

coarse graining



coalescencecoalescencecoalescencecoalescence
(coarse graining)(coarse graining)(coarse graining)(coarse graining)



1) A. Kitada, Y. Ogasawara, K. Eda, Note on a property specific
to the tent map. Chaos, Solitons & Fractals, 35(2008)104.

2) A. Kitada, Y. Ogasawara, T. Yamamoto, On a dendrite gener-
ated by a zero-dimensional weak self-similar set. Chaos, Soli-
tons & Fractals, 34(2007)1732.

3) A. Kitada, Y. Ogasawara, On a property specific to the tent
map. Chaos, Solitons & Fractals, 29(2006)1256.

4) A. Kitada, Y. Ogasawara, On a decomposition space of a weak
self-similar set. Chaos, Solitons & Fractals, 24(2005)785, Erra-
tum to ”On a decomposition space of a weak self-similar set”.
Chaos, Solitons & Fractals, 25(2005)1273.

5) A. Kitada, On a topological embedding of a weak self-similar,
zero-dimensional set. Chaos, Solitons & Fractals, 22(2004)171.

6) A. Kitada, A note on a property of a weak self-similar perfect
set. Chaos, Solitons & Fractals, 15(2003)903.

7) A. Kitada, T. Konishi, T. Watanabe, An estimate of the Haus-
dorff dimension of a weak self-similar set. Chaos, Solitons &
Fractals, 13(2002)363.

8) 北田韶彦, 位相空間とその応用, 第４刷, 朝倉書店 2011.


