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def. (X, 7) : self-similar

i) Jmetric d s.t. T = 7y

ii) {f; : (X,74) — (X, 74), contraction,
jgem(={1,---,m})}
s.t. | ) (X)) =X

JEM



Proposition Jself-similar (Y, 7/) s.t. (Y,7') ~ (X, 1)
— (X, 7) : self-similar

proof) = metric d on Y s.t. 7/ = 74
pj: (Y,1g) = (Ys71q), j=1,---,m
d(p;(y),pj(¥") < ej(md(y,y’), d(y,y') <n, 0<ei(n) <1
Ujpj(Y) =Y, h:(Y,7q) = (X,7),

p(z,z’) = d(h~Yz),h"1(z')), z,2' € X,

bj
—

Qj:hOijh_l:(X,Tp)—>(X,Tp) X . X
(topologically conjugate to p;) q;j

p(aj(x), q;(z')) = d(h~"(q;(z)), h~(q;(z')))
= d(p;(h~'(2)), p; (R~ (2"))) < aj(m)d(h~ (), h~ (z"))
— aj("?)ﬂ(wa w,)a p(a:, ZB,) <n

(X) = Ujq;(h(Y)) = h(U;p;(Y)) = h(Y) = X o

Uj4q; 745 JPj



Coarse graining

Z — quotient space Z/~ of Z
T

equivalence relation ~

(Ariel Fernandez, J. Phys. A: Math. Gen. 21 (1988)
L295.)



quotient space of S quotient space of D!

X X X X X@ X X)X X
X X X X —0s >< — X XX XJ— ¢ o .

S D! D>

D000 ddoogogn
S~Dl~D2~ ...

~ : homeomorphic (00 0O)



S : 0-dim, perfect, compact metric space

ia

sequence of quotient spaces
{S,p!, D3 ...}

st. S~Dl~D2~ ...



def
(X,7) : 0-dim = Vg c X, VU(:c) cT

u(z) € TN s.t. u(z) C U(x)

def
(X, T) : perfect = Yz € X, {x} &7



(X, 1q) : 0-dim, perfect, compact metric space

= (X, 79) ~ CMTS (self-similar)

(X, 7,) : self-similar (75 = 7,)

self-similar0 0 00 0 0O 0O O O 0-dim, perfect,
compact [l metric spacell U 10 0O0O.



S : self-similar space

= D1, D2, ... are all self-similar.



A hierarchic structure of self-similar spaces

f.
j
S : perfect, 0-dim, compact space s —
U;fij(S) =S ({f;} U self-similar) hll lhl
fl
j
D! : decomposition space of S D! —> D¢
S %1131, fjl =h'o fjo(h')~! hzl lhz
.. f2
Ujfjl(Dl) = D! ({fjl} [J self-similar) D2 s pe
3 3
D? : decomposition space of D! h l lh
Dh_zp’ Jj =h"ofjo(h7) D3 Iy ps

— (h2 o hl) o fj o (h2 o hl)—l
Ujsz (D?) = D? ({sz} [J self-similar) J/ l



(X,7Tq) : compact, f;: X — X, j=1,---m,

A(f5(@), £3(2') < az(m)d(z,a’), d(z,a’) < n, 0< ag(n) < 1,

i) Each f; is one to one, inf, >0 (1) > 0,

ii) Ui{x € X ; « = f;(x)} is not a singleton,

iii) ) . inf,50 () < 1.

—7perfect, 0-dim, compact (S, 74,) s.t. U;f;(S) = S (self-similar)

0 1 a
pr(l —x), p >4



partition D of (X, T) given
def

r~x = TDeD s.t. x,x’ € D
p:(X,7) = X/~, .+ C(z) = {2’ € X ;
»={AC X/~ ; p~(A) €7}
T(D)={UCD; JU e T}

(X/Nva) — (DaT(D))
ex. U ={D,D’, D"}
UU=DuD' uD” er

ex. f:(X,7) —>Y,onto, Dr={f"ly)CX;yeY}



A) (Z,71) : perfect, 0-dim, Tj space

vn22, Elzl,"' 7Zn€7-m%_{¢}
s.t. Z; \ 24y = o, ’I:#’l:,, U; Z; = 2

n>2,3Z;,---,Z; €eTNI— {¢}
S°t' Z’ij m Zij/ — ¢7 j # j,? U] Zij — Z’l,

[]
[]
[]

(Z;y72,), (Zz'j,TZz.j), -+« : perfect, 0-dim, T spaces



(S, 1) : perfect, 0-dim, T space

From A),
381, , S eTNS—{p}st. S;NS;y=¢, i £, U;S; =8
g2, ,qn € S1

f(x) = x for x € S

f(z) = gy for = € Sy
[]
]
[]

f(x) =qn for x € Sy,

f:(87) = (51,7s,) o

continuous, closed, onto, not one to one



f:(87)— (S1,7s),
continuous, closed, onto, not one to one

decomposition space (D, 7(Dy)) of (S, T)

Dy ={f(x)CS; ve S} £ {x}CS; z eS8,
T(Df)Z{UCDf; UUZUDEL{DGT}

h: (S1,7s) >~ (Ds, 7(Dy)), © — f(z)
(D¢, 7(Dy)) : 0-dim, perfect.



Sorgenfrey line (R, )

base for 7 ; { [a,b) ; a < b}

R a: )b

countable, separable T5,

1St

not metrizable, normal space



(S, 7) = (S, 1gq) : 0-dim, perfect, compact

(Df,T('Df)) ~ (Sl,Tdsl) ~ CMTS
(S, Td) ~ CMTS

i (Sa Td) = (DfaT(Df))



S = CMTS f S — Si, continuous, onto, closed,
not one to one.

St
L X q 1
0 13
f A A f
6 x 4 13 2/3 1
S S

S; = CMTS () [0,1/3], S, = CMTS ) [2/3,1]
Dy = {f~'(z) CCMTS ;z € 51} = {{z} forz € S1—{q},{q} U S:}
h: (S1,74) =~ (Ds, 7(Dy)),x — fH(x)
ex. y ={z}, ¥ = {q}US2, p: metricon Dy, 7(Dy) =1,
p(y,y') =d(h~(y),h'(¥)) = d(=, q)



S : compact, self-similar metric space

‘v’p’q cm = {17"’ 7m}’ EI.7'13“‘ s IJn E M s.t.
{£(S), £, (S)y -+, £.(S), f;(S)} is a finite chain

f(S) f; (8) f; (9 fq (S)

—> S : connected, locally connected.

i.e. 7f : [0,1] — S, continuous, onto

from Hahn-Mazurkiewicz.



(X,7) : compact, (Y,7'):T5

f: X — Y, continuous, onto

— (Y, 7') = (Dy, 7(Dy)), y — f'(y)
where Dy = {f ' (y) C X ; y € Y},
T(Dy) ={U CDy; YU € T}

(X, 7) : 0-dim, perfect, compact T; space
(Y, 174) : compact metric space

— 7f : X — Y, continuous, onto



embryo ﬁ Structures of materials
(ex. dendrite)

coarse graining

embryo at each step dendrite at each step

f/S > 6S={f_1(x)I]S;x|:|5}

dendrite&” ., .
§ < P—D'—>—05:={p (0D x0J}

\

1< p2—>— §,,.={q7(x) 0 D% x0 4}

3

coar se graining



coalescence
(coarse graining)
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