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ASEP = asymmetric simple exclusion process
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Spitzer 1970

Liggett 2 í R¯� . 1985(Interacting particle systems),

1999(Stochastic interacting systems)
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C�DFE
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2000 Johansson(Young Ü#¢�Ý�¤'ÞIß )

lim
t→∞

Prob

[

t
4

− N(t)

2−4/3t1/3
< s

]

= F2(s)

��à�á F2(s)
§

GUE Tracy-Widom âÔã
F2(s) = det(1 − K2χs)

K2(x, y) =
Ai(x)Ai′(y) − Ai(y)Ai′(x)

x − y

current of ASEP ∼ largest e.v. of RM
Step ⇔ GUE
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GUE (Gaussian Unitary Ensemble)

A =
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2N)
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GOE (Gaussian Orthogonal Ensemble, F1(s))

A =













u11 u12 · · · u1N
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GSE (Gaussian Symplectic Ensemble, F4(s))

�ÔóTô'õ�ö ujk → ujk(t)

tGUE, tGOE, tGSE
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Alternating
"no�p

· · · · · ·

-3 -2 -1 0 1 2 3

2000-2001 Baik et al, Prähofer et al ( ·�÷�øn¢�ùÔúNÝ'¤'ÞIß )

lim
t→∞

P

[

A1(0) =
t
4

− N(t)

2−4/3t1/3
< s

]

= F1(s)
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1D surface growth

Paper combustion, bacteria colony, crystal

growth, liquid crystal turbulence

(2010 Takeuchi Sano)

Non-equilibrium statistical mechanics

Stochastic interacting particle systems

Exactly solvable models
(Myllys et al)

(from Uwaha) (Matsushita group) (Takeuchi Sano)-�.0/�1
Chiba University
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Simulation models

Ex: ballistic deposition model

A′

↓↓
A

B′

↓
B

 0

 20

 40

 60

 80

 100

 0  10  20  30  40  50  60  70  80  90  100

"ht10.dat"
"ht50.dat"

"ht100.dat"

-�.0/�1
Chiba University

1 2�3�4�5�6�7�8�9�:	;�<=�>�?�@ Burgers A�:�B



ASEP KPZ Derivation Conclusions

Fluctuations of surface

h(x, t): surface height at position x and at time t

Scaling (L: system size)

W (L, t) = 〈(h(x, t) − 〈h(x, t)〉)2〉1/2

= LαΨ(t/Lz)
x

h

For t → ∞

W (L, t) ∼ Lα ⇒ Ψ(y) ∼ Const

For t ∼ 0

W (L, t) ∼ tβ ⇒ Ψ(y) ∼ yβ

where α = βz

In many models, α = 1/2, β = 1/3-�.0/�1
Chiba University
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Kardar-Parisi-Zhang(KPZ) equation

1986 Kardar Parisi Zhang

∂th(x, t) = 1
2
λ(∂xh(x, t))2 + ν∂2

xh(x, t) +
√

Dη(x, t)

where 〈η(x, t)η(x′, t′)〉 = δ(x − x′)δ(t − t′)

∂th = v
√

1 + (∂xh)2

' v + (v/2)(∂xh)2 + . . .

Dynamical RG analysis → α = 1/2, β = 1/3 (KPZ class )

For u(x, t) = ∂xh(x, t),

∂tu = ν∂2
xu +

λ

2
∂xu2 +

√
D∂xη(x, t)

(noisy Burgers equation)-�.0/�1
Chiba University

1 2�3�4�5�6�7�8�9�:	;�<=�>�?�@ Burgers A�:�B



ASEP KPZ Derivation Conclusions

Some comments

Warning!: There are several subtle points in the KPZ

equation and its universality.

The KPZ equation itself is ill-defined as it is due to the

irregular behaviors of h(x).

Exponents are not enough to characterize the KPZ

universality. Geometry dependence of distributions.

The KPZ equation itself does not describe the KPZ

universality class. One still has to take the scaling limit.

Still the KPZ equation seems to be capturing some

universal aspects of 1D surface growth.

KPZ universality ⇔ Universality of the KPZ equation

There has been no exact solution for the KPZ equation.-�.0/�1
Chiba University
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Current distributions for ASEP with wedge initial conditions

2000 Johansson (TASEP) 2008 Tracy-Widom (PASEP)

J (0, t/(q − p)) ∼= −1
4
t + 2−4/3t1/3ξTW

Here J (0, t) is the integrated current of ASEP at the origin

and ξTW obeys the GUE Tracy-Widom distributions;

P[ξTW ≤ s] = det(1 − PsKAiPs)

where KAi is the Airy kernel

KAi(x, y) =

∫ ∞

0
dλAi(x + λ)Ai(y + λ) -6 -4 -2 0 2

0.0

0.1

0.2

0.3

0.4

0.5

s

Current distributions for ASEP with flat initial conditions

Fluctuations are described by the GOE TW distributions.

These are the fluctuations of the KPZ universality class

(Rather, ASEP universality class?)-�.0/�1
Chiba University
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Questions

What about the KPZ equation?

Can we well-define the KPZ equation at all?

Does the KPZ equation belong to the KPZ universality

class, i.e., share the same distributions with ASEP,

PNG?

How universal is the KPZ equation?

-�.0/�1
Chiba University
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Our Work

The first exact result for the KPZ equation (for finite t)

The KPZ equation is in the KPZ universality class

The KPZ equation describes the growth with weak drive

(Universality of the KPZ equation)

Finite time correction, explaining t−1/3 decay of mean

The same problem was studied independently by Amir

Corwin Quastel arXiv:1003.0443
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We consider the droplet growth and take the following

narrow wedge initial conditions:

h(x, 0) = −|x|/δ , δ � 1

h(x, t) =







−x2/2λt for |x| ≤ 2λt/δ ,

−|x|/δ for |x| > 2λt/δ

2λt/δ
x

h(x,t)

-�.0/�1
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Results

(λ/2ν)h(x, t/2ν) = −x2/2t − 1
12

γ3
t + 2 log α + γtξt

Here γt = 2−1/3α4/3t1/3 , α = (2ν)−3/2λD1/2.

The probability density of ξt

ρt(s) =

∫ ∞

−∞
γte

γt(s−u) exp
[

− eγt(s−u)
]

×
(

det(1 − Pu(Bt − PAi)Pu) − det(1 − PuBtPu)
)

du

where PAi(x, y) = Ai(x)Ai(y) , Pu is the projection onto

[u, ∞) and the kernel Bt is

Bt(x, y) = KAi(x, y) +

∫ ∞

0
dλ(eγtλ − 1)−1

×
(

Ai(x + λ)Ai(y + λ) − Ai(x − λ)Ai(y − λ)
)

.

-�.0/�1
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KPZ scaling limit

Let us write

ρt(s) =
d

ds
Ft(s) =

∫ ∞

−∞
γte

γt(s−u) exp
[

− eγt(s−u)
]

gt(u)du

Here the first factor is the Gumbel probability density and

gt(u) = det(1 − Pu(Bt − PAi)Pu) − det(1 − PuBtPu).

In the t → ∞ limit,

Bt → KAi, gt(s) → FTW(s)u(s)

where u(s) = 〈PsAi, (1 − PsKAiPs)
−1PsAi〉.

There is an identity (log FTW)′ = u and hence

lim
t→∞

Ft(s) = FTW(s)

The KPZ equation is in the KPZ universality class!-�.0/�1
Chiba University
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Finite time KPZ distribution and TW

-6 -4 -2 0 2
0.0

0.1

0.2

0.3

0.4

0.5

s
: exact KPZ density at γt = 0.94

−−: Tracy-Widom density

•: PASEP Monte Carlo at q = 0.6, t = 1024 MC steps-�.0/�1
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Finite time 1st order correction

We expand

gt(u) = det(1 − Pu(Bt − PAi)Pu) − det(1 − PuBtPu)

in 1/t by writing Bt = KAi + Ct and regarding Ct as a small

perturbation. One arrives at

gt(u) ∼= ρTW(u) + 2γ−4
t (π4/15)detu(1 − KAi)

×
(

〈Ai′′, (1 − KAi)
−1Ai〉u〈Ai′, (1 − KAi)

−1Ai〉u

−〈Ai′′, (1 − KAi)
−1Ai′〉u〈Ai, (1 − KAi)

−1Ai〉u

)

-6 -4 -2 0 2

-2

-1

0

1

2

s

Large t expansion of ξt

ξt = ξTW + 21/3α−4 (ξGu + log 2α) t−1/3 + O(t−2/3)

Explains the slow t−1/3 decay of mean in TS experiment.-�.0/�1
Chiba University
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Figures for probability densities
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Figure: g̃t(s) ( ) and gt(s) − ρTW(s) (•) for γt = 10.
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Figure: First moment of ρt ( ) and ρ
(1)
t ( ) as a function of γt.
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Figure: The exact KPZ density at γt = 0.94 ( ) and the PASEP

Monte Carlo at q = 0.6, t = 1024 MC steps (•). The dashed line is the

Tracy-Widom density.
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Smoothing the noise

1997 Bertini Giacomin

The KPZ equation

∂th(x, t) = 1
2
λ(∂xh(x, t))2 + ν∂2

xh(x, t) +
√

Dη(x, t)

with 〈η(x, t)η(x′, t′)〉 = δ(x − x′)δ(t − t′) is ill-defined as it

is due to the irregular behaviors of h(x).

How can one treat the equation?

We smoothen the noise η as

〈ηκ(x, t)ηκ(x′, t′)〉 = ϕκ ∗ ϕκ(x − x′)δ(t − t′)
with

ϕκ(x) = κϕ(κx), ϕ ≥ 0, ϕ even,

∫

dxϕ(x) = 1

-�.0/�1
Chiba University
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Cole-Hopf construction of the solution of KPZ equation

Cole-Hopf transform

Zκ(x, t) = exp[(λ/2ν)hκ(x, t)]

Zκ satisfies the linear equation

∂

∂t
Zκ = ν

∂2

∂x2
Zκ + (λ

√
D/2ν)ηκZκ

Feynman path integral

Zκ(x, t) = Ex

(

exp
[

(λ
√

D/2ν)

×
∫ t

0
dsηκ(b(2νs), t − s)

]

Z(b(2νt), 0)
)

,

where Ex(·) denotes an average over the auxiliary Brownian

motion b(t), starting at x, b(0) = x, and with variance t.-�.0/�1
Chiba University
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〈Zκ(x, t)〉 = (4πνt)−1/2 exp
[

− x2/4νt
]

× exp
[

1
2
(λ

√
D/2ν)2ϕκ ∗ ϕκ(0)t

]

diverges. We use the Wick order

:Zκ(x, t) : = Zκ(x, t) exp
[

− 1
2
(λ

√
D/2ν)2ϕκ ∗ ϕκ(0)t

]

Now one can take the κ → ∞ (KPZ) limit.

lim
κ→∞

:Zκ(x, t) : = :Z(x, t) :

This satisfies

〈:Z(x, t/2ν) :〉 =
1√
2πt

exp[−x2/2t].

We define the KPZ height by

h(x, t) = (2ν/λ) log :Z(x, t) :-�.0/�1
Chiba University
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KPZ as WASEP limit

1988 Gärtner, 2002 Bertini Giacomin

In PASEP, let us consider the space scale ε−1x, the time

scale ε−2t and set

p =
1

2

(

1 − β
√

ε
)

, q − p = β
√

ε , τ =
p

q
∼= 1 − 2β

√
ε.

It is known that this corresponds to the KPZ equation.

One can utilize the results for PASEP to study the KPZ

equation.

2009 Balázs Quastel Seppäläinen

1/3 exponent for stationary KPZ.

-�.0/�1
Chiba University
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WASEP particle distribution

0-1 step initial conditions

(This corresponds to the narrow wedge initial conditions for

KPZ equation.)

· · · · · ·

-3 -2 -1 0 1 2 3

xm(t): the position of the mth particle from left

Result: The distribution of the particle position in WASEP

lim
ε→0

P
(

xm(ε−2t) − c1ε
−3/2 − c2

γt
ε−1/2 log(2β

√
ε) ≤ c2sε−1/2

)

= Ft(s).-�.0/�1
Chiba University
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Here

m = σβtε−3/2,

c1 = (−1 + 2
√

σ)βt , c2 = σ−1/6(1 −
√

σ)2/3(βt)1/3 ,

γt = 2β(βt)1/3(
√

σ(1 −
√

σ))2/3 , 0 < σ < 1.

and

Ft(s) = 1 −
∫ ∞

−∞
exp[−eγt(s−u)]

×
(

det(1 − Pu(Bt − PAi)Pu) − det(1 − PuBtPu)
)

du .

-�.0/�1
Chiba University
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TW formula for PASEP

2008 Tracy Widom

P
(

xm(t/(q − p)) ≤ x
)

=

∫

C0

∞
∏

k=0

(1 − µτk) det(1 + J(µ))
dµ

µ

where

J(µ; η, η′) =

∫

C1

ϕ∞(ζ)

ϕ∞(η′)

ζm

(η′)m+1

µf(µ, ζ/η′)

ζ − η
dζ

ϕ∞(η) = (1 − η)−xet(η/(1−η))

f(µ, z) =

∞
∑

k=−∞

τk

1 − µτk
zk

C0: a circle with around 0 and radius in (τ, 1)

C1: a circle around 0 and radius in (1, r/τ )

A question: Is the ASEP (or XXZ) a free fermion?-�.0/�1
Chiba University
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We investigate the limit of the kernel J(µ) as ε → 0.

We write

ϕ∞(ζ)ζm

ϕ∞(η′)(η′)m
× 1

η′(ζ − η)
× µf(µ, ζ/η′) = Q1 × Q2 × Q3 .

and take the scaling (we consider a shift of s later)

m = σβtε−3/2 , x = c1ε
−3/2 + c2sε−1/2 .

Saddle point analysis for Q1 is the identical to the one of

TW (usual KPZ scaling) with t replaced by ε−3/2. The

saddle point is given by

ξ = −c4 = −2β(βt)1/3(
√

σ(1 −
√

σ))2/3

-�.0/�1
Chiba University
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With the substitutions

η → ξ+c−1
3

√
εη , η′ → ξ+c−1

3

√
εη′ , ζ → ξ+c−1

3

√
εζ .

where c3 = σ−1/6(1 − √
σ)5/3(βt)1/3 we find

lim
ε→0

Q1 = exp[−1
3
ζ3 + 1

3
(η′)3 + s(ζ − η′)] .

Q2 = − c3

c4
√

ε(ζ − η)
.

The remaining is

Q3 = µf(µ, ζ/η′)

f(µ, z) =
∞
∑

k=−∞

τk

1 − µτk
zk

-�.0/�1
Chiba University
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Ramanujan summation formula

∞
∑

n=−∞

(a; q)n

(b; q)n
xn =

(ax; q)∞(q/ax; q)∞(q; q)∞(b/a; q)∞
(x; q)∞(b/ax; q)∞(b; q)∞(q/a; q)∞

where

(a; q)∞ =
∞
∏

n=0

(1 − aqn)

(a; q)n = (a; q)∞/(aqn; q)∞

Using this one finds

f(µ, z) =
(µτz; τ )∞(1/µz; τ )∞(τ ; τ )∞(τ ; τ )∞
(τz; τ )∞(1/z; τ )∞(µ; τ )∞(τ/µ; τ )∞-�.0/�1
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For 1 < |z| < τ−1 it holds

µf(µ, z) = µ
(µτz; τ )∞(1/µz; τ )∞(τ ; τ )∞(τ ; τ )∞
(τz; τ )∞(1/z; τ )∞(µ; τ )∞(τ/µ; τ )∞

=
1 − µz

(1 − z)(1 − µ)

∞
∏

n=1

(1 − τn)(1 − τn)

(1 − zτn)(1 − z−1τn)

×
∞
∏

n=1

(1 − µzτn)(1 − (µz)−1τn)

(1 − µτn)(1 − µ−1τn)
.

Since

z =
ξ + c−1

3 ζ
√

ε

ξ + c−1
3 η′√ε

= 1 + (c3c4)
−1(η′ − ζ)

√
ε + O(ε)

we set

µf(µ, 1 +
√

εz) = Q4Q5Q6 .

with
z = (c3c4)

−1(η′ − ζ) .-�.0/�1
Chiba University
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Q4 =
1 − µ(1 +

√
εz)

−√
εz(1 − µ)

=
1

−√
εz

(1 + O(
√

ε)) .

Q5 =

∞
∏

n=1

(1 − τn)(1 − τn)

(1 − (1 +
√

εz)τn)(1 − (1 +
√

εz)−1τn)

= −Γτ (x)Γτ (−x)(1 +
√

εz)−1(
√

εz)2(1 − τ )−2 .

Here the q-gamma function is defined by

Γq(x) =
(q; q)∞
(qx; q)∞

(1 − q)1−x , when |q| < 1

and converges to the gamma function as q → 1. Hence

lim
ε→0

Q5 =
πz/2β

sin(πz/2β)
.

-�.0/�1
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Q6

= exp
[

∞
∑

n=1

(

log
1 − µ(1 +

√
εz)τn

1 − µτn
+ log

1 − (µ(1 +
√

εz))−1τn

1 − µ−1τn

)]

= exp
[

∞
∑

n=1

(

log
(

1 −
√

εz
µτn

1 − µτn

)

+ log
(

1 +

√
εz

1 +
√

εz

τn

µ − τn

)

)]

= exp
[ z

2β

(

−
∫ 1

0
dy

µ

1 − µy
+

∫ 1

0
dy

1

µ − y

)

+ O(
√

ε)
]

= exp
[ z

2β
log(−µ) + O(

√
ε)

]

-�.0/�1
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The rescaled kernel of J(µ) is defined by

Jε(µ; η, η′) = J(2βµ
√

ε; ξ + c−1
3 η

√
ε, ξ + c−1

3 η′√ε)c−1
3

√
ε .

(1)

We have shown, it holds

lim
ε→0

Jε(µ; η, η′) = I(µ; η, η′)

where

I(µ; η, η′) =

∫

Γζ

exp
[

− 1
3
ζ3 + 1

3
(η′)3 + s(ζ − η′)

] 1

ζ − η′

× π

sin(γ−1
t π(η′ − ζ))

eγ−1
t (η′−ζ) log(−µ)γ−1

t dζ

Hence

lim
ε→0

det(1 + Jε(µ)) = det(1 + I(µ))

-�.0/�1
Chiba University
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Limit distributions

The rescaled distributions

F ε
t (s) =

∫

(2β
√

ε)−1C0

∞
∏

k=0

(

1−2βµ
√

ετk
)

det(1+Jε(µ))
1

µ
dµ .

For the first factor in the integrand one sees

lim
ε→0

∞
∏

k=0

(

1 − 2βµ
√

ετk
)

= e−µ .

In the limit ε → 0, we get

lim
ε→0

F ε
t (s) =

∫

Γµ

e−µ det(1 + I(µ))
1

µ
dµ =: F̃t(s)

In fact F̃t(s) = Ft(s).-�.0/�1
Chiba University
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Ft(s) =

∫

Γµ

e−µ det(1 + I(µ))
1

µ
dµ

= 1 +
1

2πi

∫ ∞

0
dv

1

v
e−v

(

det(1 − K+
v ) − det(1 − K−

v )
)

.

where

K±
v (x, y) =

∫

Γη

dη

∫

Γζ

dζ
γ−1

t π

sin(γ−1
t π(η − ζ))

exp
[

− 1
3
ζ3 + 1

3
η3

+ ζy − ηx + γ−1
t (η − ζ) log v ± iγ−1

t π(η − ζ)
]

= Bt(x + u, y + u) ± i(π/γt)Ai(x + u)Ai(y + u)

Ft(s) = 1 −
∫ ∞

−∞
exp[−eγt(s−u)]

×
(

det(1 − Pu(Bt − PAi)Pu) − det(1 − PuBtPu)
)

du .

-�.0/�1
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In the height picture

Now we want to translate the results for PASEP to KPZ

equation

In terms of the surface height corresponding to PASEP,

hε(j, t) = −2

j
∑

`=−∞
η`(t) + j

(η` is the occupation at site `), the limit we obtained reads

lim
ε→0

P
(√

εβhε(bε−1xc, ε−2t) + 1
2
β2tε−1 + (x2/2t)

− log(2β
√

ε) ≤ γts
)

= Ft(s) ,

with

γt = 2−1/3(β4t)1/3 .-�.0/�1
Chiba University
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Centering

Remember the normalization of the KPZ

〈:Z(x, t/2ν) :〉 =
1√
2πt

exp
[

− x2

2t

]

.

Let us set, for ASEP height h(j),

f(j, t) = Et(e
ϑh(j)) .

ϑ is adjusted such that e−2ϑ = p
q
. Then f is the solution of

d

dt
f(j, t) =

1

cosh ϑ

(

1
2
f(j + 1, t) + 1

2
f(j − 1, t) − f(j, t)

)

+(
1

cosh ϑ
− 1)f(j, t), f(j, 0) = e−ϑ|j| .

This can be used to normalize the WASEP limit to converge

to Cole-Hopf solution of the KPZ equation.-�.0/�1
Chiba University
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Universality of the KPZ equation

Our results are for the KPZ equation

The KPZ equation is obtained as a weak asymmetric

limit of the PASEP. Put differently, the KPZ equation

describes the PASEP with small asymmetry for a time

scale (q − p)−4.

The picture is expected to be universal for many surface

growth models with weak drive.

-�.0/�1
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Conclusions

Basic properties of ASEP have been explained.

There are many techniques such as matrix product,

random matrix, Bethe ansatz.

The first exact solution for the KPZ equation

Droplet growth, one-point height distributions

-�.0/�1
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