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ASEP

ASEP = asymmetric simple exclusion process
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HIERDEEIRNE

» Bernoulli... &5 1 RILICHEE p (0 < p < 1) THF

ALYEJT =0 -q)p(1 —p)
KICTASEP Cp=1/2E57=1/4
m Shock... BENRAICRILT BHADH S
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BEEETILELTD ASEP

m Spitzer 1970
Liggett 2 lBDZR. 1985(Interacting particle systems),
1999(Stochastic interacting systems)

» Duality, Coupling, FHA7IFHER (ASEP=- Burgers eq)
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BRIF(d rate 1 — p THY T = Gaussian
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P = ROBEEDT H = EBETI

d
—P(t) = —HP(t)
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JER(CHEITDERE L TH ASEP

m ASEP (FAEMIC XXZ X & VSHIERY (KRB kS
RO TWB C E )
n (BREERIIS)1 2RIT XXZ X E VEHIEEY
H=-3, [Us'ca-;'cﬂ +oj UJ+1 + Acjo .7+1]
s A=0...- BHIII=AY
m Bethe ansatz, EF& ... EHGME, BNFENMUHE, HHEERIE
m ASEP (& Bethe ansatz &, XXZ BEEIZEND X E >V ¢HER (C X
IIRIFESLUENEDEIZEOBEENR—RBEASHTHUFE
DEATHEARSNTEE.
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1 RGP EIRE O i

s BHOTIL=FY
» 17T Glauber 517 =0 X
(1963 FEADHEE, SIS DIRE)
s RIGIERETIVA+ A > ¢
- FIRAROER (1980 F8-)
» Yang-Baxter 77210 (R RR = RRR)
w FETIWE—FENZIWSZT7Y (HY # H)
» AN 1 RTHEEBREETIV (H,; <0,Y, Hi; =0)
» FEREAEE(ERA, TEID SESENIZR
(1994 Alcaraz et al)
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2. FAMRDOERIRE

O m=p g
_4-

7Y -

n EBETS

0 0 0 O
L—1
_ 0 10 s —
H=[o‘ 7+Zoq L o +[5 ’8]
T h o= —4 -0 By
0 0 0] 41

AR Bl Chiba University

1 RITIERTFHHBRRE J ¥ X5 D Burgers HTER



Derivation Conclusions

(A) a’ly, BK (C) aX, KX

a=g8M (B) a X, g/h
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TADTE

1993 Derrida et al
S EsT1=0 ® D& T=1

REFIRE

L
P(T1, 72y, TL) = ZiL<W| Hl(TjD + (1 — )E)|V)
i=
TRNDF T REHEER
DE —gED =D+ E
(W|(aE — yD) = (W]
(BD = 3SE)|V) =[V)
—RICRIRSTRRTDITIIE 4D = REEHEERS
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BRI L BEES

qg=~=40=0MDEG (1993 Derrida et al)
MNPER (L — co) T

(A) BEEME (a < 1/2,8 > a)
J=a(l —a) ) (9)
(B) BEEM (8 < 1/2,a > B) !
J=8(1-B) ©)
(C) ANTAME (o, B8 > 1/2)
J = % 0 % e"

BRISSA—IDEICK D THNILD THOUENREDSBI
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INSX—=5—DIZE

mv,0 =0DES
1999 S, 2000 Blythe Evans Colaiori Essler
q,a, 3,v,0 —RDEZES
2004 Uchiyama S Wadati

m Askey-Wilson ZIERNEFEN B ERZIET & R

ALY g = 2Lt
L

Z1 = (W|(D + E)*|V)

= / dz (1+2)1+271)/(1 - q)L (2% 272 4q)
c4rmi (az,a/z,bz,b/z,cz,c/2,dz,d/z; q)

I - , .
(a: q) = Hj:O(]' — a,qJ), (al, N s § q) = Hj:l(a’j; Q).
a,b,c,d 3 a,pB,,08,q NSER
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Askey Scheme

Askey ﬁ scheme

igure 8 Askey scheme

(from Temme, “the Askéy scheme and me”, 1968-2005)
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3. 25 ASEP [CH (T B EHEIRR

1998 Arndt Heinzel Rittenberg

+0 — 04 withrate «
00— — —0 withrate «
+— — —4+ withrate 1
—+ — +4+— withrate ¢
- o
+ 9
« C Periodic (L sites)
) Ny = N_(= N)
q
p=N/L
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1 J |
qg>1 q <1, p big q <1, psmall

C DERESHEEBIRRN\?

AR Bl Chiba University

1 RITIERTFHHBRRE J ¥ XD Burgers B2



JEERE

2001 Rajewsky S Speer
ROKXESHNMERDBRTHORNFREEE DL Y ~DREKR

J(€) = (1 — a)€A(8)
£€d

p(€&) = T20¢ In \(€)

CCTA) & f <y (%&)) =¢ O, ZIEL

_ 0 Dol@ oo o~ (awia)h, . 1-a
A PR ,;] @ on@an’ = Tt a
x—2—+z?2 -4z
w@) = T2V ) = (1 - @)1~ ag) (1 - ag™-
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4, BRECKEIT IMHE

s DLV RESE
N(t): Bt ITICRREMR TR FE

TASEP TEE 1/2 DG, 13 (N (t))

im (V@) _ 1
t—oo ¢ 4

S
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NLYEDOESSE

#IRRD Totally ASEP(A N (CFEEN)
2 DOHHEASRM Flat

Step Alternating

UF, ALYk N(t) DBRIEDNTERS.
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ASEP

2000 Johansson(Young BOEE H5R)

lim Prob

t—oo

< s| = Fy(s)

i — N(t)
2—4/341/3

IZIZU Fy(s) [& GUE Tracy-Widom 7310

Fz(s) = det(l — szs)
Ai(z)Ai’(y) — Ai(y)Ai'(x)
T —y
current of ASEP ~ largest e.v. of RM
Step < GUE

KZ(:Da y) =
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ASEP

> VS5 LT3
GUE (Gaussian Unitary Ensemble)

u11 u12 +iv12 -+ UIN + IUIN
U1 — 112 U2 --+ uaN + V2N
UIN — WWIN U2N — LU2N - UNN

N

1 2 2 2 2

H e_uij H _e—2u,jk—2'ujk

, T 1

Jj=1 VT i<k

Jim P [(ml — V2N)V2N/6 < s} = Fy(s)
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ASEP

GOE (Gaussian Orthogonal Ensemble, F(s))

u11 ui2 -+ UIN

u12 uz2 -+ U2N
A=

U2N U2ZN *°** UNN

ﬁLe_ /21_[ 1 _“§k
Ve Vo

i<k

GSE (Gaussian Symplectic Ensemble, Fy(s))

ujr — ujk(t)
tGUE, tGOE, tGSE
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Alternating DG

-3 -2 -1 0 1 2 3

2000-2001 Baik et al, Prihofer et al (N¥MED D SHEETER)

N(2)

a3 <8 = Fi(s)

t
Jm P |40 = 57
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A 88k

1D surface growth

m Paper combustion, bacteria colony, crystal
growth, liquid crystal turbulence

( )

m Non-equilibrium statistical mechanics

m Stochastic interacting particle systems

m Exactly solvable models (Myllys et al)

500500 0 500 1000 ()

(Matsushita group) (Takeuchi} Sano)

Chiba University
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Simulation models

Ex: ballistic deposition model

A/

B/

A 88k
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Fluctuations of surface

h(x,t): surface height at position x and at time ¢

Scaling (L: system size)
W (L, t) = ((h(@,t) — (h(z, )22~ 1
= LoW(t/L7)

For t — o0

W(L,t) ~ L™ = W(y)~ Const

Fort ~0
W(L,t) ~t° = W(y)~yP°

1 10 100 1000 10*

where a = 3z

Figure 1. Interface width W versus time ¢ for the RSO!
(Ref. [11])in 1 + 1 dimensions, in two different lattice le:

In many models, « =1/2,8=1/3
R gih Chiba University
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Kardar-Parisi-Zhang(KPZ) equation

1986 Kardar Parisi Zhang
dh(z,t) = 3A(dzh(z,t))? + v2h(z,t) + vV Dn(z,t)
where (n(z,t)n(z’,t’)) = é(x — 2’)o(t — t’)

8th = v+/1 + (9zh)?

~ v+ (v/2)(8.h)* + ...

Dynamical RG analysis — a =1/2,3 =1/3 (KPZ class )
For u(x,t) = 9zh(x,t),
Oru = Vaiu + Eamuz + VDO n(x,t)

(noisy Burgers equation)
AR Bl Chiba University

1 RITIERTFHHBRRE J ¥ XD Burgers B2



Some comments

Warning!: There are several subtle points in the KPZ
equation and its universality.

m The KPZ equation itself is ill-defined as it is due to the
irregular behaviors of h(x).

m Exponents are not enough to characterize the KPZ
universality. Geometry dependence of distributions.

m The KPZ equation itself does not describe the KPZ
universality class. One still has to take the scaling limit.
Still the KPZ equation seems to be capturing some
universal aspects of 1D surface growth.

KPZ universality < Universality of the KPZ equation

m There has been no exact solution for the KPZ equation.

AR Bl Chiba University

1 RITIERTFHHBRRE J ¥ X5 D Burgers HTER



Current distributions for ASEP with wedge initial conditions
(TASEP) (PASEP)

J(0,t/(qa —p)) = _%t + 2_4/3t1/3ETw

Here J(0,t) is the integrated current of ASEP at the origin
and &1w obeys the GUE Tracy-Widom distributions;
0.5

P[STW < S] = det(l — PsKAiPs) 04 /_ﬂﬁ\v\
03 AN
where K, is the Airy kernel ET e \1_\

Kai(z, y) =/0 dAAi(z + A)Ai(y + ) 00t e

Current distributions for ASEP with flat initial conditions
Fluctuations are described by the GOE TW distributions.
These are the fluctuations of the KPZ universality class

(Rather, ASEP universality class?)
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Questions

m What about the KPZ equation?
m Can we well-define the KPZ equation at all?

m Does the KPZ equation belong to the KPZ universality
class, i.e., share the same distributions with ASEP,
PNG?

m How universal is the KPZ equation?
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Our Work

m The first exact result for the KPZ equation (for finite t)
m The KPZ equation is in the KPZ universality class

m The KPZ equation describes the growth with weak drive
(Universality of the KPZ equation)

m Finite time correction, explaining t1/3 decay of mean

The same problem was studied independently by
arXiv:1003.0443
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We consider the droplet growth and take the following
narrow wedge initial conditions:

h(z,0) = —[z|/6, 6<K1
—x2/2Xt  for |x| < 2At/4,

h(x,t) =
—|z|/d for |x| > 2At/é
h(x,t)
2\/8
: X
V) S
,v/””//// NW\
/{)‘/ o E \\Q\
/.o AR
// \\;\
/;/V? \\\\\
AC/ WCQM\
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Results

(A/2v)h(z,t/2v) = —a? /2t — 1—1273 + 2log o + Y&
Here s = 2-13a4/341/3 | o = (20)~3/2AD1/2.
The probability density of &;
pi(s) = / 7€ exp [ — e (7]
X (det(1 — P, (B; — Pai)P,) — det(1 — P,B;P,))du

where Pa;i(x,y) = Ai(z)Ai(y) , P, is the projection onto
[u, 00) and the kernel By is

Bu(,y) = Knlwy) + | ax@* = 1)1
X (Ai(z + A)Ai(y + A) — Ai(z — A)Ai(y — A)) .

AR Bl Chiba University
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KPZ scaling limit

Let us write

d oo
pi(s) = EFt(S) = / 7€ (5~ exp [ — ()] gy(u)du

—Oo0

Here the first factor is the Gumbel probability density and
gi(u) = det(1 — P,(B; — Pai)P,) — det(1 — P,B.P,).
In the t — oo limit,
B: — Kai, g¢(s) — Frw(s)u(s)
where u(s) = (P,Ai, (1 — P,KaP;)"1P,Ai).
There is an identity (log Frw)’ = u and hence
tln;o Fy(s) = Frw(s)

The KPZ equation is in the KPZ universality class!
A 88k Chiba University
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Finite time KPZ distribution and TW

—: exact KPZ density at v; = 0.94
——: Tracy-Widom density

eo: PASEP Monte Carlo at ¢ = 0.6, ¢ = 1024 MC steps
R gih Chiba University
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Finite time 1st order correction

We expand

gt(u) = det(1 — P,(Bt — Paj))P,) — det(1 — P,B.P,)

in 1/t by writing B, = Ka; + C; and regarding C; as a small

perturbation. One arrives at

ge(u) = prw(u) + 274 (7% /15)deto (1 — Kaj)

x (AP, (1 — Kai) " Ai)y (AY, (1 — Kp;) " Ai)y -

— (A", (1 — Ka) 1AV (A, (1 — Ka) 1A,)

Large t expansion of &;

/

N

& = Erw + 21307 (€cu + log 2a) t~1/3 + O(t~2/3)

Explains the slow t—1/3 decay of mean in TS experiment.

A 88k
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Figures for probability densities

First order approximation Evaluation of determinants
0.5 0.5
0.4 ; 0.4
0.3 g
E4 0.3
0.2 Fl 02
0.1 j
0.0p—=" 0.1
-0.1 0.0
-6 —4 -2 0 2 -6 0 2

Difference to TW

0.05 v =2 (o)
0.00 N =5 (+)
~0.05

-6 -4 -2 0 2 -6 -4 -2 0 2 7 =10 (.)
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Derivation

Smoothing the noise

1997 Bertini Giacomin
The KPZ equation

dh(z,t) = 3A(9zh(z, 1)) + v2h(z,t) + vV Dn(z,t)

with (n(x, t)n(z’,t')) = d(x — x’)é(t — t’) is ill-defined as it
is due to the irregular behaviors of h(x).

How can one treat the equation?

We smoothen the noise 7 as
(Me(@, )2, 1)) = @ * Pz — a')6(t —t')
with

pr(x) = kp(Kz); 0 2 0, even,/dw(fﬂ) =1

AR Bl Chiba University
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Derivation

Cole-Hopf construction of the solution of KPZ equation

Cole-Hopf transform
Z(w,t) = exp[(A/20) (2, )]

Z,, satisfies the linear equation

o 9?2
ot ox2

Feynman path integral

Z(z,t) = Ew(exp [(A\/E/Zu)

Z.+ (AD/2v)n.Z,

x / " dsna(b(2ws), t — 9)| z(b(2v1),0))
0

where E,(-) denotes an average over the auxiliary Brownian

motion b(t), starting at x, b(0) = x, and with variance t.
AR Bl Chiba University
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Derivation

(Z(z,t)) = (Arvt) "2 exp [— :I:2/41/t]
x exp [1(AVD/2v)2 ¢, * ¢, (0)t]
diverges. We use the Wick order
: Z(x,t): = Z(z,t) exp [ — 3(AVD/2v)% 0, % ¢,(0)t]

Now one can take the kK — oo (KPZ) limit.

lim : Z, (x,t): = :Z(x,t):

KR—00

This satisfies

(:Z(z,t/2v):) =

1 2
exp[—x“/2t].
g P27 /2t]
We define the KPZ height by
h(x,t) = (2v/A)log : Z(z, t):

AR Bl Chiba University
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Derivation

KPZ as WASEP limit

1988 Gartner, 2002 Bertini Giacomin
In PASEP, let us consider the space scale e 1z, the time
scale e 2t and set

1
p=5(1-BVe), a—p=pve, T=§§1—2ﬂ\/5-

It is known that this corresponds to the KPZ equation.
One can utilize the results for PASEP to study the KPZ
equation.

2009 Balazs Quastel Seppaldinen
1/3 exponent for stationary KPZ.

AR Bl Chiba University
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Derivation

WASEP particle distribution

0-1 step initial conditions

(This corresponds to the narrow wedge initial conditions for
KPZ equation.)

-3 -2 -1 0 1 2 3
Zm(t): the position of the mth particle from left

Result: The distribution of the particle position in WASEP

IimOIP’(mm(e_zt) — e 32 — 2172 log(28+v) < czse_l/z)
£— "Yt

= Ft(S).
% 153l

Chiba University
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Derivation

Here

m = oBte 32,
1 =(—1+ 2\/5),575, cy = 0_—1/6(1 _ \/3)2/3(,675)1/3,
ve = 28(8t) (Vo (1 — V)3, 0<o<1.

and

Fi(s)=1— / exp[—e ()]

X (det(1 — Py(B; — Pai)P,) — det(1 — P,B;P,))du.

AR Bl Chiba University
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Derivation

TW formula for PASEP

P(zm(t/(q — p)) < z) = ; H(l — pr*) det(1 + J(u))—
0 k=0

where

N Po(C) ™ uf(w, C/n’)
I, = /c foal) (Y™ C—7
Yoo(n) =1 — n)—wet(n/(l—n))

o k

.f(p‘az) = Z 1_’7-7,21c

prk

k=—oc0
Co: a circle with around 0 and radius in (7, 1)
Ci1: a circle around 0 and radius in (1,7/7)
A question: Is the ASEP (or XXZ) a free fermion?

AR Bl Chiba University
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Derivation

We investigate the limit of the kernel J(p) as e — 0.
We write

Poo()()™  1'(¢ —m)

and take the scaling (we consider a shift of s later)

X pf(p,¢/n') = Q1 X Q2 X Q3.

—3/2 1/2

m = aﬁts_3/2 , & = ClE + cpse™

Saddle point analysis for Q; is the identical to the one of
TW (usual KPZ scaling) with ¢ replaced by ¢ —3/2, The
saddle point is given by

¢ =—ca==28(8t)*(Vo(l - Va))*?

AR Bl Chiba University
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Derivation

With the substitutions
n—&+eg Ven, n' —EteyVen, (—€&+eri Ve,
where c3 = o~ 1/%(1 — /5)%/3(8t)1/3 we find

lim Q1 = exp[—3¢* + 3(1')° + s(C — )]

c3

AW

The remaining is

Q3 = pf(p,¢/n')

oo k

= Y e

—Z
_ k
k=—o0 nT

AR Bl Chiba University
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Derivation

Ramanujan summation formula

i (@ )n_, _ (a%:9)oo(9/a2; 9)oo(di 4)o(b/ai @)oo

i () (3 9) oo (b/ i @)oo (b5 @) oo (4/ @3 @) 0o
where

n=0

(@i 0)oe = [ (1 - aq™) F

(a; @)n = (a; @)oo/ (a9™; q) oo 24

INDIA POS GE

Using this one finds

f(u, Z) — (IJ'Tz: T)oo(l/u,z; 7-)00(7-; T)oo(‘l'; T)oo

(72 T)oo(1/2i T) oo (K3 T)oo(T/Hi T) oo
A 5l
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Derivation

For 1 < |z| < 71 it holds

(1725 T)oo(1/162; T) 0o(T5 T) 0o (T3 T) o
(72 T)oo(1/ 25 T) oo (15 T)oo(T/ 15 T) oo
__l-px Q- -7")
= T=at-m L a—=ma—=1m

wnf(p, z) =

7 (1 — pzr™) (1 — (p2)'")
i —ma—e

n=1
Since
f:;ls‘g 1+ (cace) (' — OVE +O(e)
we set
pf(p, 1+ vez) = QuQsQs -
with

z = (caca) "' — ().
A 5l Chiba University
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Derivation

_1—p(l++vez) 1 -
Qs = By T — —_\/EZ(1+O(\/_)).
0n= i (1— ) -1

“ Ll aTar e - ar v
= T (@) (—2)(1 + VEz) " (Vez)2(1 - 7) 2.

Here the g-gamma function is defined by

a; 9) o w
o) = LD (1 gyi-e | when Jg <1
(4% @)oo
and converges to the gamma function as ¢ — 1. Hence
2
im Qg = /%8

em0 0 sin(rz/208)

AR Bl Chiba University

1 RITIERTFHHBRRE J ¥ X5 D Burgers HTER



Derivation

Qo

— exp i": (Iog 1(1_+ \/T:z)'r + log 1—(u1(1+\/_z)) —1_ n)}
L~ T2y -

= exp Z(Iog(l—\/_z s )+°g( +1_|\_/Ejgzuin7-n))}

3
I
—

— prm
= exp :%(—/Oldyl _M#y +/01dyuiy) +(9(\/5)}

= exp :% log(—1) + O(v%)|
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Derivation

The rescaled kernel of J(u) is defined by

TE(im, ') = J(2Bpuve €+ 5 Ve, €+ e n'VE)e; Ve .
(1)

We have shown, it holds

lim J¢(p;m, ') = I(pimy ')

where
. n 1.3 1...1\3 ’
Iinn) = [ exp [ =3¢+ 360+ s(¢ - )] ——
re ¢—m
™ —1, 4
x e (M—C)log(—p) —1q¢
sin(y; 'm(n’ — <))
Hence

&!iln>0 det(1 + J°(p)) = det(1 + I(p))
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Derivation

Limit distributions

The rescaled distributions

e ]

1
Fe(s) = / [T (1-28uv/er*) det(1+ J=(1))—dpe.
(28vE)~1Co g K
For the first factor in the integrand one sees
li 1-2 k) =e m.
sinﬂ k::l:J‘;) ( IBM\/ET ) ©

In the limit € — 0, we get

. e _ — 1 —
tim Ff(s) = /r e~ det(1 + I(1) dys = Fifs)

©

In fact Fy(s) = Fy(s).
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Derivation

Fy(s) = /r e Mdet(1+ I(p,))%du
1

© 1
=145 [T e (det( - KY) — det(1 - ;).
0 v

where

-1
Yt

Kf(z,y)= [ dn | d il 134 L8
v (®:9) /rn n/rc Csin(n_lﬂ(n—C)) P [ =5 g
+ ¢y —nz +; (0 — ¢) log v + iy 'm(n — ¢)]
= Bi(x + u,y + u) L i(7/v¢)Ai(x + u)Ai(y + u)

Fi(s) =1 | expl—e(s)

—Oo0

x (det(1 — P,(B; — Pai)P,) — det(1 — P,B;P,))du.
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Derivation

In the height picture

Now we want to translate the results for PASEP to KPZ
equation
In terms of the surface height corresponding to PASEP,

he(j t) = =2 > nelt) +j

f=—o0

(me is the occupation at site £), the limit we obtained reads
IimOIP(\/E,Bhe(l_s_lac 1,e7%t) + 38%te ™ + (2?/21)
E—>
—log(28v/e) < wis) = Fy(s),

with
v = 2_1/3(,34t)1/3 .
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Derivation

Centering

Remember the normalization of the KPZ

(: Z(x,t/2v):) = \/%exp [— =].

Let us set, for ASEP height h(j),
£(»t) = Eg(e”"D).

9 is adjusted such that e 2% = %’. Then f is the solution of

PG = S BIG+LY + 3G~ 1,0 - £G,0)

cosh 9
-1 i, t), j,0) = el
Py )f(3,t), f(5,0)=e

This can be used to normalize the WASEP limit to converge

+(

to Cole-Hopf solution of the KPZ equation.
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Derivation

Universality of the KPZ equation

m Our results are for the KPZ equation

m The KPZ equation is obtained as a weak asymmetric
limit of the PASEP. Put differently, the KPZ equation
describes the PASEP with small asymmetry for a time
scale (g — p) ™.

m The picture is expected to be universal for many surface
growth models with weak drive.
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Conclusions

Conclusions

Basic properties of ASEP have been explained.

There are many techniques such as matrix product,

random matrix, Bethe ansatz.

m The first exact solution for the KPZ equation

Droplet growth, one-point height distributions
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